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Abstract

We resolve the scalar fixed-point versions of the Erdos problem on cluster sets of
Lagrange interpolation at Chebyshev roots, and we separate the other natural readings of
the ambiguous statement. Fix a point xo € [—1, 1] and let C,, (f) be the set of finite cluster
values of L, f(xg), where L, f interpolates f at the n roots of T,,. We prove that every
non-empty closed set A C [—1,1] is equal to C,, (f) for some f € C[—1,1], for every fixed
xg. If A= o, then such an f exists exactly at the exceptional points xy = cos(ma) with a
rational of odd denominator; the positive direction is Erdds’s corrected strong-divergence
theorem, and the negative direction follows from forced subsequences. We also show that
the domain-set and “same cluster set for every x” readings are not the historical Erdés
problem and are false in their natural universal forms.

1 The problem and the main classification

We use the Chebyshev roots

(2k — )7

1<k<n.
on sh=n

Tkn = COS gk,n7 gk,n =

For f € C[—1,1], let L,,f be the polynomial of degree at most n — 1 satisfying

For a fixed zo € [—1, 1], define

Tof = Laf(z0),  Cuo(f) = Clr((Tnf)n>1),

where Clg denotes the set of finite real cluster values. Thus Cy,(f) = @ means |7, f| — oc.
Write 29 = cosfy, 0 < 0y < m, and ag = Oy/m. We say that xg is odd rational if oy is
rational and, in lowest terms, has odd denominator. This includes the endpoints zg = £1,
corresponding to denominators 1.
The fixed-point scalar problem is completely classified as follows.

Theorem 1.1 (Fixed-point classification). Let xg € [—1,1] and let A C [—1,1] be closed.

(a) If A # @, then there exists f € C[—1,1] such that

Cwo (f) = A

(b) If A = @, then such an f exists if and only if xq is odd rational.



The proof of part (a) is self-contained and is the main construction of the paper. The positive
direction of part (b) uses Erdds’s corrected strong-divergence theorem: if xy = cos(mp/q) with
p,q odd, then there exists f € C[—1,1] such that |L,f(zo)| — oo [2, 3]. This is exactly the
assertion that the finite cluster set is empty. If the numerator in a lowest-term odd-denominator
representation is even, or if g = 1, the result follows by the symmetry x — —z: the Chebyshev-
root sets are invariant under sign change, and hence L, (go(—id))(z) = L,g(—z). The negative
direction of part (b) is proved in Section 6.

The rest of the paper also settles the other common readings of the original ambiguous
sentence. Section 7 shows that the domain-set reading is false for every proper closed subset of
[—1,1], and that the requirement C,(f) = A for every x is already false for A = {—1,1}.

2 Angle variables and elementary estimates
For ¢ € C[0, 7] write ¢(0) = f(cos ) and

Fop = Ly f(20).
If zq is not a row-n node, then

cos(nfy) (—1)¥~1sin by,

n  cosby — cosb,

Fn(P = Z )\k,n@(ek,n)a )\k,n =
k=1

This follows from
T (t)

lppn(t) = T @)t —2em)’ T! () = nUp_1(z),

and
sin(nb ) B (—1)k1

sinf,  sinfg,

Up—1(cos Oy ,) =

If 2o is a row-n node, then F,,¢o = ¢(6p).
Lemma 2.1 (Off-point decay). If ¢ € C[0,n] vanishes on a neighbourhood of 6y, then
F,p — 0.
Proof. For rows in which 6 is a node, F,,¢ = ¢(0y) = 0. For all other rows, put
©(0)sinb
HO)=—F"——.
(9) cos by — cos

Because ¢ is zero near 6y, H is continuous on [0, 7], including the possible endpoint cases.
Formula (1) gives

cos(nby & _
Fup = 0O S sy ),
k=1
Pairing consecutive terms yields

n

> (D H(Ok0)

k=1

< Swa(m/n) + [|H|«

|3

where wyy is the modulus of continuity of H. Dividing by n gives the claim. O

We shall need rows along which the leading factor cos(nfp) is not small.



Lemma 2.2 (Good dyadic rows). For every 0y € [0, 7] and every odd positive integer R, there
are arbitrarily large powers of two n = 2" such that

| cos(nby)| > K(6y) >0 (2)

and
cos(nsbp) # 0 (1<s<R, s odd). (3)

Proof. Let o = 0y /m. If « is irrational, then (3) is automatic. Also, for y € R/Z, if |cosmy| <
1/2, then y € (1/3,2/3) modulo 1, and therefore 2y € (0,1/3) U (2/3,1) modulo 1, so
| cos(2my)| > 1/2. Hence infinitely many r satisfy | cos(2"6y)| > 1/2.

If o = a/b in lowest terms, write b = 2"by with by odd. For every » > h and every odd s,
the rational number 2"sa/b has odd denominator after reduction, and so cannot be congruent
to 1/2 modulo an integer. Thus (3) holds for all » > h. The values cos(2"6y), r > h, belong to
a finite set not containing 0, so (2) holds along all sufficiently large powers of two. O

3 Primitive rows and the algebraic spike
A node
(2k — 1)m

2d

is called primitive of order d if (2k — 1,d) = 1. Let P, be the set of primitive nodes of order d.
Whenever g is not a row-d node, define

vai= Y M0, Vai=val = D Ma0),

0Py 0cPy

0 =

where A\g(0) is the row-d weight in (1).
A primitive node of order d occurs in row n if and only if n = ds with s odd. In that case,
provided neither row has zg as a node,

/2c0s(nbo)

d n/d—
M(0) = (s DNa(6), A(nd) = DDA,

(4)
Indeed, if n = ds and s is odd, then the sign changes by (—1)®~1/2 and all other factors in (1)
are common.

Lemma 3.1 (Primitive mass). Fiz 6y € [0,7] and an odd integer R. There is cg > 0 such
that, whenever n is a power of two and s < R is odd with cos(nsby) # 0,

Vis > crl cos(nsby)|logn (5)
for all sufficiently large n.

Proof. Put d = ns. Since n is a power of two and s is odd, a row-d node with odd numerator
m = 2k — 1 is primitive exactly when (m,s) = 1.

First assume 0 < #y < m. Choose a small closed interval J C (0, 7) centered at #y. For
0eJ,

sin 6 c

> .
| cos By — cos@| — |0 — 6|

Thus, for primitive nodes of order d in J,

c| cos(dby)]
> —.
|)‘d(0)‘ = d\@ — 00’

3



Writing 6 = mn/(2d), the denominator is comparable to |m — 2dfy/7|/d. Among odd integers,
the condition (m,s) = 1 has gaps bounded by a constant depending only on R. Therefore the
sum over primitive m with |m — 2dfy /7| < ¢;d dominates

1
cr| cos(dby)| Z . > p| cos(dbp)| log n.

r<cd

If 6 = 0, then
(0] = | cos(dfy)| sinf _ | cos(dbo)| _ | cos(dby)|
d 1—cosf de m
for nodes § = mm/(2d) near 0. Summing over primitive odd m < cd gives the same logarithmic
lower bound. The case 6y = 7 is identical after replacing m by 2d — m. O

For odd s let
X(s) = (—1)=D/2,

This is the non-principal real character modulo 4 on the odd integers.

Lemma 3.2 (Finite algebraic spike). Fix 6y and an odd integer R. Let n be a sufficiently large
power of two satisfying Lemma 2.2 for this R. For odd s < R define

_ u()x(s) cos(nsth)
s - = s cos(nbyp) (6)

where 1 is the number-theoretic Mobius function. On primitive nodes of orders ns, s < R odd,
set

v(f) = ;8 sgn A\ps(0), 0 € Pys, (7)
ns
and set v =0 at all other nodes belonging to rows 1,..., Rn.
Then, for every 1 < j < Rn,
1, j=
Fo=¢ ' 77" (8)
0, j#n,

where Fjv means evaluation of the row-j interpolation functional on the finite node values
prescribed by v. Moreover
Cr

< .
ol < o

(9)

Proof. If row j has zg as a node, then Fjv = v(6p) = 0, because y is not in any of the primitive
sets P, with s < R by the choice of n. Hence assume row j is not a node row.

If 7 is not an odd multiple of n, no primitive row ns, s odd, can occur in row j, so Fjv = 0.
Let j = nu with v < R odd. Then, by (4), (6), and (7),

Fouv= Zq/(nu, ns)as.
slu
For each divisor s | u,
cos(nuby) p(s)x(s) cos(nsby)

cos(nsbyp) s cos(nbp)

1(s).

y(nu,ns)as = zx(u/s)

_ x (1) cos(nuby)
u cos(nby)

Therefore (w) (nubo)
u) cos(nu
QL EPERTN" uls),

Fov=
nu? u cos(nby) ‘
S|u

which is 1 if u =1 and 0 if u > 1.
For the norm estimate, Lemma 3.1 gives V,,5 > cg|cos(nsby)|logn, while (2) gives |as| <
C'| cos(nsbp)|/s. Hence |as|/Vps < Cr/logn. O



4 Continuous block spikes

Lemma 4.1 (Block spike). For each fized 6y € [0, 7| there is a sequence ng | 0, indexed by
odd R, with the following property. Let R be odd and let n be a sufficiently large good dyadic
row for R. For every 6 > 0 there is 1 = 1, g5 € C[0, 7] such that

(i) ¢ vanishes on a neighbourhood of 6y;
(i) Foop = 1;

(iii) Fjop =0 for1 <j < Rn, j#n;

)
)
(iv) |Fj¥| <ng+ 9 for every j > Rn;
(V) Y]l < Cr/logn.

Proof. Let v be the finite spike from Lemma 3.2, and let P be the finite set where v # 0. Since
P is disjoint from 6y, put p = dist(P, ) > 0.

First consider exact atoms from P in future rows. If j is a node row for zg, then a function
vanishing near 6y contributes zero. If j is not a node row and is not an odd multiple of n, no
point of P occurs in row j. If j = nu with u > R odd, the exact-atom contribution is

Z ~v(nu,ns)as.
slu
s<R

For the terms that actually occur, s < R, Lemma 2.2 gives cos(nsfy) # 0, so the calculation in

Lemma 3.2 gives
B x(u) cos(nuby)
> Al ns)a, = XEEEEEES uls).

slu slu

s<R s<R
Since u > 1, 3, p(s) = 0, and therefore the last divisor sum is =3, .~ g p(s). This avoids
any division by cos(nsfy) for the omitted divisors s > R. Because |cos(nfy)| is bounded below

along the chosen dyadic rows,

3 y(mns)as| < 0T <
slu v
s<R

(10)

5o

where 7(u) < 2v/u. Set ngr = C/vV/R.
Choose an integer K > Rn so large that

1P|
vl — < /4.
vl oo ; /

Then choose pairwise disjoint intervals around the points of P, none meeting 6y, none containing
a point of Ex \ P where

Ex ={0k;:1<j<K, 1<k<j},
and with total length |I| so small that

dist(GO,UI) >p/2,  C Hv||oo|f)| < 5/4.



Define a tent function on these intervals taking the prescribed value v(6) at each § € P and
vanishing at all endpoints; set it equal to zero outside the intervals. Lemma 3.2 gives (i), (ii),
(iii), and (v).

For Rn < j < K, the supports contain no row-j nodes except exact atoms from P, so (10)
gives the bound. For j > K, split the row-j nodes in the supports into exact atoms and all
other nodes. The exact atoms are again bounded by (10). For non-exact nodes, if row j is a
node row then the weights away from 6y are zero; otherwise (1) and the separation from 6,
give an individual bound C/(jp). A row-j grid has at most C(j|I| + |P|) points in the support
intervals. Therefore the non-exact part is at most

I P
C vl <‘ + ’.’) <.
p o Jp

Together with (10), this proves (iv). O

5 Every non-empty closed set at every fixed point

We now prove Theorem 1.1(a). Fix 29 = cosfy and a non-empty closed set A C [—1,1]. Choose
c € A, and choose a sequence (@, )m>1 in A whose finite cluster set is exactly A, for example
by concatenating finite 1/r-nets of A.

Let B > 1 be such that |a — ¢| < B for every a € A. Choose odd integers R,, — 0o so fast

that
Z < :
"R, 16 3
m=1

and then choose positive d,, so that, with

Em = MR, T+ 5ma

one has
s 1
E Em < <. (11)
8
m=1

Using Lemma 2.2, choose recursively good dyadic rows n,, such that

Ty, > Ring; (1<i<m) (12)
and such that the block spike
djm = wNWHRmvdm
satisfies oom
m e 13
9l < S5 (13

This is possible because Lemma 4.1 gives ||¢n, || < Cr,,/10g 1.
Define coefficients recursively by

b =t — ¢ — Y biFp,, ;. (14)

<m
For ¢ < m, (12) gives n,, > Rin;, so |Fy,,, ¥;| < &;. Induction using (11) gives
|bm| < 2B (m>1). (15)
Indeed, if the bound holds for ¢ < m, then

bm| < B+2BY & < B+ B/4 < 2B.

<m



Set
o0) = c+ 3 buthm(0). (16)
m=1

The series converges uniformly by (13) and (15). Since every 1, vanishes near 6y, in particular
©(6p) = c. Define
f(x) = p(arccos ), —-1<z<1.

Then f € C[-1,1].
At selected rows, all future spikes vanish exactly: if i > m, then n,, < R;n; and n,, # n;,
so Lemma 4.1(iii) gives F,,, ¢; = 0. Also F,,, ¥, = 1. Therefore (14) gives

Fn, o=an.

Thus every point of A is a cluster value.
Conversely, let n — oo through non-selected rows. Fix M. For m > M, if n < R;,n,,, then
Fy 1y, = 0 because n # ny,; if n > Ryny, then |F,| < &,. Hence

<2B Z Em-

m>M

> b Fothm

m>M

For the finitely many m < M, Lemma 2.1 gives Fj,1,, — 0. Letting first n — oo through
non-selected rows and then M — oo, we get

Fop—c
along all non-selected rows. Therefore

Cyo (f) = {c} UClg(anm) = A.

This proves Theorem 1.1(a).

6 Forced subsequences and the empty set

It remains to prove the negative direction of Theorem 1.1(b). We need two standard forced-
subsequence mechanisms.
The norm of the point-evaluation interpolation functional is the pointwise Lebesgue function

An(@0) = | f = Lnf (o)l = > [k (o),
k=1
with the convention A, (zp) = 1 when z( is a row-n node.

Lemma 6.1 (Bounded Lebesgue subsequences force f(zo)). If sup; Ay, (z0) < 0o, then, for
every f € C[—-1,1],

L, f(z0) = f(20)-
Proof. Let B = sup; Ap;(70). Choose a polynomial p with | f —pl|,, < /(B +1). For all
sufficiently large j, Ly;p = p. Hence

| Ln; f(0) = f(wo)| < [Ln; (f = p)(@o)| + [p(x0) = f20)| < (B+ 1) |If =Pl <e



Lemma 6.2 (Irrational angles have bounded subsequences). If 0 < 6y < 7 and 6p/7 is
irrational, then there is a subsequence (n;) with

sup Ay, (z0) < oo.
P

Consequently f(xo) € Cyy(f) for every f € C[—1,1].

Proof. By the classical inhomogeneous approximation theorem of Minkowski, applied to
a =06y/m and B = 1/2 [1], there are infinitely many n such that

Ina —1/2|| < C/n.

For these n, |cos(nbp)| < C’/n. Let 6, be a nearest row-n node to . Its distance from 6y is
O(1/n?) along the chosen subsequence, and the nearest-node term in (1) is O(1). All other
terms are bounded by

[ cos(nbo)]| Z ¢ < % -nlogn = O(logn/n).
n e 00 — Ok — n
Thus Ay, (z9) = O(1) on this subsequence. Lemma 6.1 completes the proof. O

Lemma 6.3 (Even denominators are node subsequences). If 6p/m = a/b in lowest terms with
b even, then xo is a Chebyshev node for infinitely many rows. Hence f(zo) € Cy,(f) for every
fecC[-1,1].

Proof. Write b = 2s. Then a is odd. For every odd positive integer m, put n = sm. Then

a_am

b 2n’
and am is odd, so x( is one of the row-n Chebyshev roots. Along these rows, L, f(xg) =
f(l‘o) ]

If ¢ is not odd rational, then either 6y /7 is irrational, or it is rational with even denominator.
Lemmas 6.2 and 6.3 show that f(z¢) is a finite cluster value for every continuous f. Thus
Cy,(f) can never be empty. This proves the negative direction of Theorem 1.1(b). The positive
direction is Erdds’s theorem, as explained in Section 1.

7 Other readings of the ambiguous problem

The scalar fixed-point classification above is the meaningful way to read Erdds’s claimed
prescribed-limit-set assertion. Two other readings are natural but false as universal statements.

7.1 The domain-set reading

One might read the original sentence as asking for a continuous f such that a prescribed closed
set A C [—1,1] is the set of points = at which the scalar sequence L, f(x) has a finite cluster
value. This cannot produce a proper closed set.

Theorem 7.1 (Domain-set reading). For every f € C[—1,1], the set
D(f) :=A{z € [-1,1] : Cu(f) # @}

contains the dense set consisting of irrational angles and rational even-denominator angles.
Consequently, if D(f) is closed, then D(f) = [—1,1].

Proof. The inclusion follows from Lemmas 6.2 and 6.3. The stated set is dense in [—1, 1], so
any closed set containing it is the whole interval. O

Thus the domain-set version of the problem is false for every proper closed subset of [—1, 1].



7.2 The same cluster set at every point

Another possible reading is that a single f should satisfy C(f) = A for every x € [—1,1]. This
is also not the Erdds statement, and it is false in its natural universal form.

Proposition 7.2. There is no f € C[—1,1] such that
Co(f)={-1,1} for every x € [—1,1].

Proof. For every x in the dense forced set of Theorem 7.1, the value f(z) belongs to Cy(f).
If Co(f) ={-1,1} for all z, then f(z) € {—1,1} on a dense set. By continuity, f([—1,1]) C
{—1,1}. Since [—1,1] is connected, f is constant. Then all interpolants are the same constant,
so every cluster set is a singleton, not {—1,1}. O

7.3 Function-space limit points

A final possible reading is that (L, f), is considered as a sequence in a function space, such as
C[—1,1], and that A is its set of limit points. This is not type-compatible with the quoted
formulation, where A C [—1,1] is a scalar set. After any additional identification, for example
identifying real numbers with constant functions, one obtains a different problem not stated by
Erdos. The scalar fixed-point theorem above is the version matching Erdds’s later comments.

8 Summary

For Chebyshev roots, the fixed scalar problem has the following complete answer.

closed set A C [-1,1] | fixed point z
A+ o realizable at every zo € [—1, 1]
realizable exactly when xg = cos(ma),

A=0o .
o € Q has odd denominator

The arbitrary fixed-point version with empty closed sets is therefore false away from the odd-
rational points. The historically meaningful exceptional version is true in the scalar fixed-point
sense: at odd-rational points, every closed A C [—1, 1], including &, occurs as Cy,(f) for some
continuous f.
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