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Abstract
We show that a recent theorem of Tao and Teräväinen on prime factors of consecutive

integers implies the following conjecture of Erdős and Straus: for every sequence of positive
integers (an)n≥1 with an → ∞, the series

∞∑
n=1

τ(n)
a1a2 · · · an

is irrational. This settles the problem recorded as Erdős Problem #258 in Bloom’s online
database.

1. Introduction
Write τ(n) for the number of positive divisors of n and set

Qn := a1a2 · · · an.

If an → ∞, then an ≥ 2 for all sufficiently large n, so the series
∞∑

n=1

τ(n)
Qn

converges absolutely.
Erdős and Straus proved that this series is irrational when

2 ≤ a1 ≤ a2 ≤ · · · ,

see [5, Theorem 2.23]. In the same paper they conjectured that the monotonicity hypothesis
can be removed and that it is enough to assume only an → ∞; see [5, Conjecture 2.24]. The
same problem is listed later in Erdős and Graham [4, p. 62] and in Erdős [3, p. 103]. In Bloom’s
online Erdős problem database, this is Problem #258 [1].

The purpose of this note is simply to record that the conjecture is now an immediate
consequence of a theorem of Tao and Teräväinen [6, Theorem 1.1].

2. A tail lemma
The key point is that along infinitely many shifts, the divisor function is at most exponential.

Lemma 1. Let (an)n≥1 be a sequence of positive integers with an → ∞, and let

S :=
∞∑

n=1

τ(n)
Qn

.

Assume that there exists a real number Λ > 1 and infinitely many integers N such that

τ(N + k) ≤ Λk (k ≥ 1).

Then S is irrational.
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Proof. Assume for contradiction that S = A/B ∈ Q with A ∈ Z and B ∈ Z>0. Fix an integer

M > Λ(2B + 1).

Since an → ∞, there exists N0 such that

an ≥ M (n > N0).

By hypothesis, there are infinitely many N for which τ(N + k) ≤ Λk for every k ≥ 1; choose one
such N ≥ N0.

Now define

IN := BQN

(
S −

N∑
n=1

τ(n)
Qn

)
= B

∞∑
k=1

τ(N + k)
aN+1aN+2 · · · aN+k

.

Since BQN S = AQN ∈ Z and

BQN

N∑
n=1

τ(n)
Qn

= B
N∑

n=1
τ(n)QN

Qn
∈ Z,

we have IN ∈ Z. Also IN > 0 because every term in the tail is positive.
On the other hand, using τ(N + k) ≤ Λk and aN+j ≥ M for all j ≥ 1, we obtain

0 < IN ≤ B
∞∑

k=1

( Λ
M

)k

< B
∞∑

k=1

( 1
2B + 1

)k

= B

2B
= 1

2 .

This contradicts the fact that IN is a positive integer. Therefore S is irrational.

3. Application of Tao–Teräväinen
We now invoke the following theorem of Tao and Teräväinen [6, Theorem 1.1].

Theorem 1 (Tao–Teräväinen). There exists an absolute constant C > 0 such that for infinitely
many positive integers N , one has

ω(N + k) ≤ Ω(N + k) ≤ Ck (k ≥ 1).

In particular,
τ(N + k) ≤ 2Ck (k ≥ 1)

for those same integers N .

Proof. The first assertion is exactly [6, Theorem 1.1]. For the second, write

N + k =
r∏

i=1
pαi

i .

Then
τ(N + k) =

r∏
i=1

(αi + 1) ≤
r∏

i=1
2αi = 2Ω(N+k) ≤ 2Ck.

Combining Lemma 1 with Theorem 1, we obtain the desired result.
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Theorem 2. Let (an)n≥1 be a sequence of positive integers with an → ∞. Then

∞∑
n=1

τ(n)
a1a2 · · · an

is irrational.

Proof. Apply Lemma 1 with Λ = 2C , where C is the constant from Theorem 1.

Remark 1. Thus Tao and Teräväinen’s theorem settles the conjecture of Erdős and Straus [5,
Conjecture 2.24], and hence also Erdős Problem #258 as recorded in [1]. The proof is completely
independent of any monotonicity of (an): the only input from the sequence (an) is the fact that
its terms eventually dominate any fixed constant.
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