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Abstract

Let U = U(1, 2) be the classical Ulam sequence, let x ∈ {0, 1}Z be its zero-extended
bi-infinite indicator, let T := R/2πZ, and let X be the shift-orbit closure of x. We prove
that positive upper density forces a one-dimensional Kronecker component in a Furstenberg
limit of the actual Ulam orbit; when the extracted frequency lies outside {0, π}, this gives a
genuine rank-1 toral packet. More precisely, if d(U) > 0, then there exist a shift-invariant
probability measure µ on X, a frequency α ∈ T, and a nonzero eigenfunction g ∈ L∞(X,µ)
with g ◦ T = eiαg such that

|
∫

X

(y0 − δ)g(y) dµ(y)| ≥ δ3

256
√

2
, δ =

∫
X

y0 dµ.

In particular, the Koopman spectral measure of the centered coordinate has an atom of mass
at least δ6/217.

The paper pushes this packet statement in four directions. First, every initial segment
AN = U ∩ [1, N ] has at most 3|AN | Schur triples, hence by Green’s theorem is o(N)-close to
a genuinely sum-free set. Second, if one fixes a positive-density subsequence along which
the empirical orbit measures converge, then every accumulation point of the maximizing
finite-scale Fourier phases is forced into a finite threshold atom set of the limiting Koopman
spectrum; in particular, the maximizing phases cannot drift through a continuum. Third,
in the irrational case one obtains a non-uniform absolutely continuous limiting phase law
for the actual Ulam numbers, together with an interval arc carrying quantitatively excess
mass and the same phase law on a sequence of genuine sum-free cores. Fourth, we prove a
general window-correlation theorem at the varying maximizing phases and isolate two further
inputs—quantitative phase stabilization and circle-factor measurability of the coordinate—
that would yield a fixed-angle window measure law; a boundary-null representative of the
window would then upgrade this to literal indicator-window counts.

This gives the infinitary reduction suggested by Ross: a subsequential hidden signal for
the actual Ulam sequence becomes a genuine one-dimensional spectral component and, after
fixing a limiting orbit measure, is trapped in finitely many spectral atoms of one limiting
dynamical system.

2020 Mathematics Subject Classification. 11B75, 11P70, 37A45.
Keywords. Ulam sequence, sum-free set, Fourier coefficient, Kronecker factor, Furstenberg
limit.

1 Introduction
The classical Ulam sequence U(1, 2) is defined greedily by starting from 1, 2 and repeatedly
adjoining the smallest integer that has a unique representation as a sum of two distinct earlier
terms. The sequence was introduced by Ulam and later discussed in detail by Queneau [14, 10].
Despite its simple definition, it remains poorly understood. Classical work of Finch and of
Schmerl–Spiegel established rigidity for several regular 1-additive families [4, 12]; more recent work
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of Cassaigne–Finch, Kuca, Hinman–Kuca–Schlesinger–Sheydvasser, and Kravitz–Steinerberger
develops additional structural and rigidity phenomena for related additive sequences and Ulam-
type sets [1, 9, 7, 8]. On the experimental side, Steinerberger isolated a striking hidden
frequency and a non-uniform phase profile modulo 2π for U(1, 2) [13]. Very recently Clément
and Steinerberger proved new bounds on growth and small gaps for the Ulam sequence [2].

The present note is concerned with an infinitary formulation of that hidden-frequency
phenomenon. The starting point is a finite-scale large Fourier coefficient, of the type already
emphasized by Ross in his thesis [11]. Ross proved a large-Fourier-coefficient theorem for
almost sum-free sets, showed that a nonzero limit point of the finite-scale maximizing phases
would yield a genuine nonzero Fourier coefficient provided the corresponding infinitary limit
exists, derived interval-correlation statements from such coefficients, and explicitly singled out
ultralimits, energy increment, and arithmetic regularity as the next tools to try [11]. From the
same finite-scale information we construct, by compactness, an invariant joining on X × T. The
joining yields a genuine eigenfunction on a Furstenberg limit of the sequence itself. We use the
word packet loosely for the resulting one-dimensional toral component; when the eigenvalue is
non-real, the eigenline together with its complex conjugate forms a genuine real rank-1 packet,
while α = π is the usual order-two real edge case.

A second theme of the paper is that the Ulam sequence is extremely close to being sum-free
at every finite scale. Indeed, the defining unique-representation property implies that every
element of AN := U ∩ [1, N ] contributes at most three ordered Schur triples. Green’s theorem
on almost-sum-free sets therefore produces a sequence of genuine sum-free cores BN ⊂ [1, N ]
with |AN △BN | = o(N) [5]. This observation interacts naturally with the toral picture: in the
irrational case the same limiting phase law already appears on the sum-free cores.

The main results may be summarized as follows.

(i) Positive upper density forces a one-dimensional Kronecker component on a Furstenberg
limit of the actual Ulam orbit, with explicit correlation against the centered coordinate;
when the extracted frequency lies outside {0, π}, this is a genuine toral packet.

(ii) The Kronecker-component theorem automatically gives a genuine Koopman spectral atom.
If the extracted frequency is 0, this forces a quantitative splitting of the coordinate density
among ergodic invariant measures on the orbit closure.

(iii) In the irrational case the circle marginal is Haar measure, hence one obtains a non-uniform
absolutely continuous limiting phase law for the actual Ulam numbers, an interval arc with
excess mass, and the same phase law on the sum-free cores.

(iv) If one fixes a positive-density subsequence along which the empirical orbit measures
converge, then the maximizing finite-scale phases are spectrally trapped near a finite
threshold atom set of the limiting Koopman spectrum. At the level of the varying phases
one also obtains a general window-correlation theorem. Two additional inputs—quantitative
phase stabilization and measurability of the coordinate function with respect to the limiting
circle factor—yield a fixed-angle window measure law; a boundary-null representative of
the window would then promote this to literal indicator-window counts.

For the structural background relevant to the remaining rigidity problem, see Green, Green–
Tao, and Eberhard [5, 6, 3]. No automorphic input is used anywhere in the arguments below.

2 The Ulam property, Schur triples, and a large finite-scale
character

Write
U = {u1 < u2 < u3 < · · · }, u1 = 1, u2 = 2,
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and for n ≥ 2 let un+1 be the least integer > un having a unique representation ui + uj with
i < j ≤ n.

For a set A ⊂ N define

rA(m) := #{x < y ∈ A : x+ y = m}

and the ordered representation count

sA(m) :=
∑
x∈Z

1A(x)1A(m− x).

For N ≥ 1 let
AN := U ∩ [1, N ], MN := |AN |, δN := MN

N
.

We extend all indicators by 0 outside their support.
Lemma 2.1. For every integer m > 2 one has

m ∈ U ⇐⇒ rU (m) = 1.

In particular, if u ∈ U ∩ [3, N ], then rAN
(u) = 1.

Proof. If m = un+1 ∈ U , then by definition r{u1,...,un}(m) = 1. Since all later Ulam numbers
exceed m, no later term can create a new representation of m, so rU (m) = 1.

Conversely, assume rU (m) = 1. Let n be maximal with un < m. Every representation of m
uses only terms < m, hence only u1, . . . , un, so r{u1,...,un}(m) = 1. By definition of the Ulam
recursion, this already implies un+1 ≤ m. On the other hand, maximality of n gives un+1 ≥ m.
Hence un+1 = m, so m ∈ U .

The last assertion is immediate.

Lemma 2.2. If u ∈ U ∩ [3, N ], then

sAN
(u) = 2 + 1{u even and u/2∈AN } ≤ 3.

Proof. By Lemma 2.1, rAN
(u) = 1. Thus there is exactly one unordered representation u = x+y

with x < y and x, y ∈ AN , contributing exactly two ordered pairs (x, y) and (y, x). A diagonal
pair (u/2, u/2) contributes once exactly when u is even and u/2 ∈ AN . This gives the formula.

For a finite set A ⊂ N define its ordered Schur-triple count

T (A) := #{(x, y, z) ∈ A3 : x+ y = z} =
∑
z∈A

sA(z).

Corollary 2.3. For every N ≥ 1 one has

T (AN ) ≤ 3MN ≤ 3N.

In particular,
T (AN ) = o(N2).

Proof. For z = 1 one has sAN
(1) = 0, while for z = 2 one has

sAN
(2) = 1

coming from the diagonal pair (1, 1). Thus every z ∈ AN ∩ {1, 2} still satisfies

sAN
(z) ≤ 1 ≤ 3.

If z ∈ AN ∩ [3, N ], then Lemma 2.2 gives sAN
(z) ≤ 3. Therefore

T (AN ) =
∑

z∈AN

sAN
(z) ≤ 3|AN | = 3MN ≤ 3N.

The final assertion follows immediately.
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Corollary 2.4 (Green sum-free core). There exist sets BN ⊂ [1, N ] such that each BN is
sum-free and

|AN △BN | = o(N).

In particular, if Nk → ∞ and δNk
→ δ, then

|BNk
|

Nk
→ δ.

Proof. By Corollary 2.3, the sets AN ⊂ [1, N ] satisfy T (AN ) = o(N2). Green’s corollary on
almost-sum-free sets [5, Cor. 1.6] therefore gives sum-free sets BN ⊂ [1, N ] with

|AN △BN | = o(N).

The density statement is immediate from∣∣|AN | − |BN |
∣∣ ≤ |AN △BN | = o(N).

For finitely supported f : Z → C write

f̂(θ) :=
∑
n∈Z

f(n)e−inθ, θ ∈ [0, 2π],

and use Parseval in the form

∥f∥2
ℓ2(Z) = 1

2π

∫ 2π

0
|f̂(θ)|2 dθ.

Theorem 2.5 (Large finite-scale character). Define

EN (θ) :=
N∑

n=1

(
1U (n) − δN

)
e−inθ.

If δ3
NN ≥ 16, then

sup
θ∈[0,2π]

|EN (θ)| ≥ δ3
N

8
√

2
N.

Since EN (0) = 0, the maximizing frequency is nonzero.

Proof. Fix N and abbreviate

A := AN , M := MN , δ := δN , I := 1[1,N ].

Define
f := 1A − δI, g := 1A ∗ 1A − δ2(I ∗ I).

Then
g = f ∗ (1A + δI), ĝ(θ) = f̂(θ)

(
1̂A(θ) + δÎ(θ)

)
,

and f̂ = EN .
We first lower-bound ∥g∥2. List the elements of A as

a1 < a2 < · · · < aM .

Since aj ≥ j, at least M/2 of these elements satisfy u ≥ M/2. Fix such a u ∈ A. Because u ≤ N ,
one has (I ∗ I)(u) = u− 1. Lemma 2.2 therefore gives

|g(u)| = |sA(u) − δ2(u− 1)| ≥ δ2(u− 1) − 3.
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Since u ≥ M/2 = δN/2,

δ2(u− 1) − 3 ≥ δ2
(δN

2 − 1
)

− 3 = δ3N

2 − δ2 − 3.

Because δ ≤ 1 and δ3N ≥ 16, the right-hand side is at least δ3N/4. Therefore

∥g∥2
2 ≥ M

2
(δ3N

4
)2

= δ7

32N
3.

Next we upper-bound ∥g∥2 in terms of sup|f̂ |. By Parseval,

∥g∥2
2 = 1

2π

∫ 2π

0
|f̂(θ)|2|1̂A(θ) + δÎ(θ)|2 dθ

≤
(
sup

θ
|f̂(θ)|2

)
∥1A + δI∥2

2.

Now
∥1A + δI∥2

2 = |A| + δ2N + 2δ|A| = δ(1 + 3δ)N ≤ 4δN.
Hence

∥g∥2
2 ≤ 4δN sup

θ
|f̂(θ)|2.

Combining the lower and upper bounds yields

sup
θ

|f̂(θ)|2 ≥ δ7N3/32
4δN = δ6N2

128 ,

that is,

sup
θ

|f̂(θ)| ≥ δ3

8
√

2
N.

Since f̂ = EN , this is the claimed estimate. Finally,

EN (0) =
N∑

n=1
(1U (n) − δ) = M − δN = 0,

so the maximizing frequency cannot be 0.

3 Circle profiles and a one-dimensional Kronecker component
on the actual orbit

Let
x = (xn)n∈Z ∈ {0, 1}Z

be the zero-extended bi-infinite indicator,

xn :=


1, n ≥ 1 and n ∈ U ,
0, n ≥ 1 and n /∈ U ,
0, n ≤ 0.

Let X ⊂ {0, 1}Z be the orbit closure of x under the left shift

(Ty)m := ym+1.

We write y0 for the coordinate function on X. Let BT denote the σ-algebra on X × T generated
by the second coordinate.
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Theorem 3.1 (Circle profile theorem). Assume that

d(U) := lim sup
N→∞

δN > 0.

Then there exist

• a number δ ∈ (0, 1),

• a subsequence Nk → ∞,

• angles θk ∈ T with θk → α ∈ T and

|ENk
(θk)| = sup

θ∈T
|ENk

(θ)| for every k,

• an Sα-invariant Borel probability measure ν on X × T, where

Sα(y, t) := (Ty, t+ α),

• the first marginal µ := (pr1)∗ν and the second marginal λ := (pr2)∗ν.

The measure µ is T -invariant, the measure λ is Rα-invariant, and, if

H := Eν
(
y0 | BT

)
∈ L∞(T, λ), Rα(t) := t+ α, c0 := δ3

256
√

2
,

then:

(i) ∫
X
y0 dµ(y) = δ;

(ii) 0 ≤ H ≤ 1,
∫
TH dλ = δ, and

|
∫
T
(H(t) − δ)e−it dλ(t)| ≥ c0;

(iii) in particular,
∥H − δ∥L2(λ) ≥ c0.

Proof. Choose a subsequence Nk → ∞ such that

δNk
→ δ > 0.

For each k choose a maximizer θk ∈ T of θ 7→ |ENk
(θ)|. For all sufficiently large k, one has

δ3
Nk
Nk ≥ 16, so Theorem 2.5 gives

| 1
Nk

Nk∑
n=1

(1U (n) − δNk
)e−inθk | = sup

θ∈T
| 1
Nk

Nk∑
n=1

(1U (n) − δNk
)e−inθ| ≥

δ3
Nk

8
√

2
. (3.1)

Passing to a further subsequence, we may assume that

θk → α ∈ T.

Passing again to a further subsequence if necessary, we may arrange that for every k,

|δNk
− δ| ≤ δ3

256
√

2
and δNk

≥ δ

2 .
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Also,

1
Nk

Nk∑
n=1

(1U (n) − δ)e−inθk = 1
Nk

Nk∑
n=1

(1U (n) − δNk
)e−inθk + (δNk

− δ) 1
Nk

Nk∑
n=1

e−inθk .

Since

| 1
Nk

Nk∑
n=1

e−inθk | ≤ 1,

the triangle inequality and (3.1) give

| 1
Nk

Nk∑
n=1

(1U (n) − δ)e−inθk | ≥
δ3

Nk

8
√

2
− |δNk

− δ|

≥ δ3

64
√

2
− δ3

256
√

2
≥ δ3

256
√

2
= c0.

Therefore

| 1
Nk

Nk∑
n=1

(1U (n) − δ)e−inθk | ≥ c0 for every k. (3.2)

Now define probability measures on X × T by

νk := 1
Nk

Nk∑
m=1

δ(T mx, mθk).

Since X × T is compact, after passing to a further subsequence we may assume that

νk
∗
⇀ ν

for some Borel probability measure ν on X × T.
We claim that ν is invariant under Sα. Let Φ ∈ C(X × T). Then∫

Φ ◦ Sα dνk −
∫

Φ dνk

= 1
Nk

Nk∑
m=1

(
Φ(Tm+1x,mθk + α) − Φ(Tmx,mθk)

)

= 1
Nk

Nk∑
m=1

(
Φ(Tm+1x,mθk + α) − Φ(Tm+1x, (m+ 1)θk)

)

+ 1
Nk

Nk∑
m=1

(
Φ(Tm+1x, (m+ 1)θk) − Φ(Tmx,mθk)

)
.

Because Φ is uniformly continuous and θk → α, the first average tends to 0. The second average
telescopes to

Φ(TNk+1x, (Nk + 1)θk) − Φ(Tx, θk)
Nk

,

which also tends to 0. Hence ν is Sα-invariant. Therefore µ = (pr1)∗ν is T -invariant and
λ = (pr2)∗ν is Rα-invariant.

Since the function y 7→ y0 is continuous on X,

∫
X
y0 dµ(y) = lim

k→∞

1
Nk

Nk∑
m=1

(Tmx)0 = lim
k→∞

1
Nk

Nk∑
m=1

1U (m) = δ.
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This proves (i). Let
H := Eν

(
y0 | BT

)
.

Then 0 ≤ H ≤ 1 and
∫
TH dλ = δ.

Moreover, by (3.2),

|
∫

X×T
(y0 − δ)e−it dνk(y, t)| = | 1

Nk

Nk∑
m=1

(1U (m) − δ)e−imθk | ≥ c0.

Passing to the limit gives
|
∫

X×T
(y0 − δ)e−it dν(y, t)| ≥ c0.

By the defining property of conditional expectation,∫
X×T

(y0 − δ)e−it dν(y, t) =
∫
T
(H(t) − δ)e−it dλ(t).

This proves (ii). Since |e−it| = 1, Cauchy–Schwarz yields

|
∫
T
(H − δ)e−it dλ| ≤ ∥H − δ∥L2(λ),

so (iii) follows. In particular H is not λ-almost everywhere equal to the constant δ. Because
0 ≤ H ≤ 1 and

∫
TH dλ = δ, this forces 0 < δ < 1.

Corollary 3.2 (Single Kronecker component on the actual orbit). Assume d(U) > 0, and let δ,
α, µ, and ν be as in Theorem 3.1. Then there exists a nonzero function g ∈ L∞(X,µ) such that

g ◦ T = eiαg µ-a.e.

and
|
∫

X
(y0 − δ)g(y) dµ(y)| ≥ δ3

256
√

2
.

In particular, a single one-dimensional Kronecker component already captures the centered
coordinate of a Furstenberg limit of the actual Ulam orbit.

Proof. Disintegrate ν over its first marginal µ:

ν =
∫

X
δy ⊗ νy dµ(y),

where each νy is a probability measure on T. Since ν is Sα-invariant,

ν = (Sα)∗ν =
∫

X
δT y ⊗ (Rα)∗νy dµ(y), Rα(t) := t+ α.

Because T is invertible on X and µ is T -invariant, a change of variables z = Ty rewrites this as

ν =
∫

X
δz ⊗ (Rα)∗νT −1z dµ(z).

This is a second disintegration of ν over the same first marginal µ, so uniqueness of disintegration
gives

νz = (Rα)∗νT −1z for µ-almost every z,

equivalently,
νT y = (Rα)∗νy for µ-almost every y.
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Define
g(y) :=

∫
T

eit dνy(t).

Then g ∈ L∞(X,µ) and ∥g∥∞ ≤ 1. Moreover, for µ-almost every y,

g(Ty) =
∫
T

eit dνT y(t) =
∫
T

eit d((Rα)∗νy)(t)

=
∫
T

ei(t+α) dνy(t) = eiαg(y).

Thus g is a T -eigenfunction with eigenvalue eiα.
Finally, ∫

X
(y0 − δ)g(y) dµ(y) =

∫
X

(y0 − δ)
(∫

T
e−it dνy(t)

)
dµ(y)

=
∫

X×T
(y0 − δ)e−it dν(y, t).

Theorem 3.1(ii) gives the stated lower bound. In particular g ̸≡ 0.

Corollary 3.3 (Spectral atom). In the setting of Corollary 3.2, let

F := y0 − δ ∈ L2(X,µ),

and let UT f := f ◦ T be the Koopman operator. Then the UT -spectral measure of F has an atom
at α of mass at least (

δ3

256
√

2

)2

= δ6

217 .

Equivalently, if Pα denotes orthogonal projection onto the α-eigenspace

Eα := {h ∈ L2(X,µ) : h ◦ T = eiαh},

then
∥PαF∥2 ≥ δ3

256
√

2
.

Proof. Let g be the eigenfunction from Corollary 3.2. Since ∥g∥∞ ≤ 1, one has ∥g∥2 ≤ 1.
Therefore, with h := g/∥g∥2, we have h ∈ Eα and ∥h∥2 = 1, so

∥PαF∥2 ≥
∣∣∣∣∫

X
F (y)h(y) dµ(y)

∣∣∣∣ =

∣∣∣∫X F (y)g(y) dµ(y)
∣∣∣

∥g∥2
≥
∣∣∣∣∫

X
F (y)g(y) dµ(y)

∣∣∣∣ ≥ δ3

256
√

2
.

By the spectral theorem, the mass of the spectral measure of F at {α} is exactly ∥PαF∥2
2.

4 Prescribed-marginal extraction and spectral trapping of max-
imizing phases

The next proposition is the fixed-marginal version of the packet extraction argument. It will allow
us to pin the packet to a prescribed limiting dynamical system and then trap the maximizing
phases in the atomic spectrum of that single system.
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Proposition 4.1 (Packet extraction with prescribed first marginal). Let Nk → ∞, let

δk := 1
Nk

#(U ∩ [1, Nk]) → δ ∈ (0, 1),

and suppose the empirical orbit measures

µk := 1
Nk

Nk∑
n=1

δT nx

converge weak-* to a T -invariant Borel probability measure µ on X. Let θk → α ∈ T, and
assume that for some c > 0,

| 1
Nk

Nk∑
n=1

(1U (n) − δ)e−inθk | ≥ c for every k. (4.1)

Set
F := y0 − δ ∈ L2(X,µ).

Then the UT -spectral measure of F has an atom at α of mass at least c2. Equivalently, if

Eα := {h ∈ L2(X,µ) : h ◦ T = eiαh}

and Pα denotes orthogonal projection onto Eα, then

∥PαF∥2 ≥ c.

Proof. Define probability measures on X × T by

νk := 1
Nk

Nk∑
m=1

δ(T mx, mθk).

By compactness, after passing to a subsequence we may assume that νk
∗
⇀ ν for some Borel

probability measure ν on X × T. Since the first marginal of νk is µk, the first marginal of ν is µ.
Moreover, because y 7→ y0 is continuous on X,∫

X
y0 dµ(y) = lim

k→∞

∫
X
y0 dµk(y) = lim

k→∞
δk = δ,

so F = y0 − δ is indeed centered. Moreover, the hypothesis (4.1) rules out δ ∈ {0, 1}, since∣∣∣∣∣∣ 1
Nk

Nk∑
n=1

(1U (n) − δ)e−inθk

∣∣∣∣∣∣ ≤ 1
Nk

Nk∑
n=1

|1U (n) − δ| → 0

when δ = 0 or δ = 1.
Exactly as in the proof of Theorem 3.1, the limit ν is invariant under the skew shift

Sα(y, t) := (Ty, t+ α).

Disintegrate ν over its first marginal:

ν =
∫

X
δy ⊗ νy dµ(y),

where each νy is a probability measure on T. The same argument as in the proof of Corollary 3.2
shows that

g(y) :=
∫
T

eit dνy(t)
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belongs to L∞(X,µ), satisfies ∥g∥∞ ≤ 1, and is an eigenfunction:

g ◦ T = eiαg µ-a.e.

Moreover, by (4.1) and weak-* convergence,

|
∫

X×T
(y0 − δ)e−it dν(y, t)| ≥ c.

Hence, exactly as in Corollary 3.2,

|
∫

X
(y0 − δ)g(y) dµ(y)| ≥ c.

Normalizing g in L2(X,µ) and applying the spectral theorem yields

∥PαF∥2 ≥ c and σF ({α}) ≥ c2.

Theorem 4.2 (Spectral trapping theorem). Let Nk → ∞ be a subsequence such that

δk := |U ∩ [1, Nk]|
Nk

→ δ > 0,

and suppose the empirical orbit measures

µk := 1
Nk

Nk∑
n=1

δT nx

converge weak-* to a T -invariant Borel probability measure µ on X. For each k choose θk ∈ [0, π]
such that

|ENk
(θk)| = sup

θ∈T
|ENk

(θ)|.

(This is possible because θ 7→ |ENk
(θ)| is continuous and ENk

(2π − θ) = ENk
(θ).) Set

F := y0 − δ ∈ L2(X,µ), c0 := δ3

256
√

2
,

and define the threshold atom set

Sµ(c0) :=
{
α ∈ T : σF ({α}) ≥ c2

0
}
.

Then:

(i) every accumulation point of (θk) belongs to Sµ(c0);

(ii) Sµ(c0) is finite and satisfies

|Sµ(c0)| ≤ δ(1 − δ)
c2

0
≤ 217(1 − δ)δ−5;

(iii) for every ε > 0, all but finitely many θk lie in the ε-neighborhood of Sµ(c0).
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Proof. Because δk → δ > 0, after discarding finitely many terms we may assume that

|δk − δ| ≤ δ3

256
√

2
and δk ≥ δ

2

for every k. Also δ3
kNk → ∞, so for all large k Theorem 2.5 gives

| 1
Nk

Nk∑
n=1

(1U (n) − δk)e−inθk | ≥ δ3
k

8
√

2
.

Moreover,

1
Nk

Nk∑
n=1

(1U (n) − δ)e−inθk = 1
Nk

Nk∑
n=1

(1U (n) − δk)e−inθk + (δk − δ) 1
Nk

Nk∑
n=1

e−inθk .

Since

| 1
Nk

Nk∑
n=1

e−inθk | ≤ 1,

the triangle inequality gives

| 1
Nk

Nk∑
n=1

(1U (n) − δ)e−inθk | ≥ δ3
k

8
√

2
− |δk − δ|

≥ δ3

64
√

2
− δ3

256
√

2

≥ δ3

256
√

2
= c0

for every sufficiently large k. Also, because y 7→ y0 is continuous on X,∫
X
y0 dµ(y) = lim

k→∞

∫
X
y0 dµk(y) = lim

k→∞
δk = δ,

so F = y0 − δ has mean zero. After discarding finitely many initial terms and relabeling, we
may therefore assume that

| 1
Nk

Nk∑
n=1

(1U (n) − δ)e−inθk | ≥ c0 for every k.

Now let α be any accumulation point of (θk). Passing to a further subsequence if necessary,
we may assume that θk → α. Proposition 4.1, applied with the same sequence Nk, the same
limiting measure µ, and the lower bound above, shows that

σF ({α}) ≥ c2
0.

Thus α ∈ Sµ(c0), proving (i).
For (ii), the total mass of σF is

σF (T) = ∥F∥2
2 =

∫
X

(y0 − δ)2 dµ(y) = δ(1 − δ),

because y2
0 = y0 and

∫
X y0 dµ = δ. Therefore the number of atoms of mass at least c2

0 is at most
δ(1 − δ)/c2

0, giving the stated bound.
For (iii), suppose not. Then there exist ε > 0 and an infinite subsequence (θkj

) such that

distT(θkj
, Sµ(c0)) ≥ ε for every j.

By compactness of [0, π], the sequence (θkj
) has an accumulation point β. Passing to a further

subsequence, we may assume θkj
→ β. By (i), β ∈ Sµ(c0), contradicting the continuity of the

distance to the closed set Sµ(c0).
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Corollary 4.3 (Zero accumulation forces invariant mass). In the setting of Theorem 4.2, if 0 is
an accumulation point of (θk), then

∥P0F∥2 ≥ c0.

If
µ =

∫
Erg(X,T )

η dπ(η)

is the ergodic decomposition of µ and

a(η) :=
∫

X
y0 dη − δ,

then ∫
Erg(X,T )

a(η)2 dπ(η) ≥ c2
0, hence

∫
Erg(X,T )

|a(η)| dπ(η) ≥ c2
0.

Consequently there exist ergodic T -invariant Borel probability measures η+ and η− on X such
that ∫

X
y0 dη+ ≥ δ + c2

0
2 ,

∫
X
y0 dη− ≤ δ − c2

0
2 .

Proof. If 0 is an accumulation point of (θk), then Theorem 4.2(i) gives 0 ∈ Sµ(c0), hence

σF ({0}) = ∥P0F∥2
2 ≥ c2

0.

This is the first claim.
Under the ergodic decomposition of µ, the invariant projection P0F = Eµ(F | IT ) corresponds

to the function a on Erg(X,T ), where IT is the T -invariant σ-algebra. Thus∫
Erg(X,T )

a(η) dπ(η) =
∫

X
F dµ = 0

and ∫
Erg(X,T )

a(η)2 dπ(η) = ∥P0F∥2
2 ≥ c2

0.

Since |a(η)| ≤ 1, one has |a(η)|2 ≤ |a(η)|, so∫
Erg(X,T )

|a(η)| dπ(η) ≥ c2
0.

Because
∫
a dπ = 0, the positive and negative parts satisfy∫

a+ dπ =
∫
a− dπ = 1

2

∫
|a| dπ ≥ c2

0
2 .

Hence there exist ergodic components η+ and η− with

a(η+) ≥ c2
0
2 , a(η−) ≤ −c2

0
2 ,

which is exactly the stated density splitting.

Corollary 4.4 (Zero is excluded under ergodicity). In the setting of Theorem 4.2, assume in
addition that µ is ergodic. Then 0 is not an accumulation point of (θk). Equivalently, there
exists ε > 0 such that

θk ∈ [ε, π]

for all sufficiently large k.

13



Proof. If 0 were an accumulation point, Corollary 4.3 would give ∥P0F∥2 ≥ c0. But when µ is
ergodic, the 0-eigenspace consists of constants, and F = y0 − δ has mean zero. Hence P0F = 0,
a contradiction.

Corollary 4.5 (Finite packet decomposition). In the setting of Theorem 4.2, write

Sµ(c0) ∩ [0, π] = {α1, . . . , αr}.

Then r < ∞, and for every ε > 0 there exists K such that for all k ≥ K one has

θk ∈
r⋃

j=1
Bε(αj).

In particular, after partitioning a tail of the index set according to the nearest αj, each piece has
all its accumulation points contained in a single packet center.

Proof. This is just a restatement of Theorem 4.2(ii)–(iii).

Corollary 4.6 (Uniqueness of the packet implies phase convergence). In the setting of Theo-
rem 4.2, assume that

Sµ(c0) ∩ [0, π] = {α}

consists of a single point. Then
θk → α.

Proof. By Theorem 4.2(iii), for every ε > 0 all but finitely many θk lie in the ε-neighborhood of
{α}. This is exactly the statement θk → α.

5 The zero-frequency alternative
Proposition 5.1 (Zero frequency forces density splitting). Assume d(U) > 0, and let δ, α, ν,
and λ be as in Theorem 3.1. Set

c0 := δ3

256
√

2
.

Then either α ̸= 0, or else there exist ergodic T -invariant Borel probability measures η+ and η−
on X such that ∫

X
y0 dη+ ≥ δ + c0

2 ,
∫

X
y0 dη− ≤ δ − c0

2 .

Equivalently, the only obstruction to a nonzero extracted frequency is a quantitative splitting of
the coordinate density among ergodic invariant measures on the orbit closure.

Proof. If α ̸= 0, there is nothing to prove. Assume α = 0. Then Sα = T × idT, so disintegrating
ν over its second marginal gives

ν =
∫
T
µt ⊗ δt dλ(t).

Since ν is (T × idT)-invariant, the family t 7→ T∗µt is another disintegration of ν over the same
second marginal λ. By uniqueness of disintegration, T∗µt = µt for λ-almost every t.

Define
a(t) :=

∫
X

(y0 − δ) dµt.

Then a ∈ L∞(T, λ) is real-valued, |a| ≤ 1, and∫
T
a(t) dλ(t) =

∫
X×T

(y0 − δ) dν(y, t) =
∫

X
y0 dµ− δ = 0.

14



On the other hand, Theorem 3.1(ii) gives

|
∫
T
a(t)e−it dλ(t)| ≥ c0.

Hence ∫
T
|a(t)| dλ(t) ≥ c0.

Since
∫
a dλ = 0, the positive and negative parts satisfy∫

a+ dλ =
∫
a− dλ = 1

2

∫
|a| dλ ≥ c0

2 .

Hence the sets

E+ :=
{
t ∈ T : a(t) ≥ c0

2

}
, E− :=

{
t ∈ T : a(t) ≤ −c0

2

}
both have positive λ-measure. Choose t+ ∈ E+ and t− ∈ E− from the full-measure set on which
the disintegration t 7→ µt is defined. Then∫

X
y0 dµt+ ≥ δ + c0

2 ,
∫

X
y0 dµt− ≤ δ − c0

2 .

Finally, apply the ergodic decomposition theorem to µt+ and µt− . Since the map η 7→
∫
y0 dη

is affine, some ergodic component of µt+ still satisfies the lower inequality, and some ergodic
component of µt− still satisfies the upper inequality.

Corollary 5.2 (A clean nonzero-frequency criterion). If all ergodic T -invariant Borel probability
measures on X have the same value of

∫
X y0 dη, then the extracted frequency in Corollary 3.2

automatically satisfies α ̸= 0.

Proof. This is immediate from Proposition 5.1.

Corollary 5.3 (Ergodicity rules out the zero-frequency case). Assume that δN → δ > 0 and
that the empirical measures

µN := 1
N

N∑
m=1

δT mx

converge weak-* to an ergodic T -invariant measure µ on X. Then there exists an angle α ∈ T\{0}
such that the spectral measure of y0 − δ on (X,µ, T ) has an atom at α of mass at least δ6/217.

Proof. Apply Theorem 3.1 along a subsequence Nk for which the empirical measures still converge
to µ. Then the first marginal in that theorem is exactly µ. Corollary 3.2 therefore yields an
eigenfunction g ∈ L∞(X,µ) with

g ◦ T = eiαg and |
∫

X
(y0 − δ)g dµ| ≥ δ3

256
√

2
.

If α = 0, then g is T -invariant. Since µ is ergodic, g is constant almost everywhere, and hence∫
X

(y0 − δ)g dµ = g

∫
X

(y0 − δ) dµ = 0,

contradicting the lower bound. Thus α ̸= 0. The spectral atom statement is now Corollary 3.3.
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6 A general window theorem at the varying maximizing phases
Lemma 6.1 (Window extraction). Let K be a compact metric space, let λ be a regular Borel
probability measure on K, and let H ∈ L∞(K,λ) satisfy 0 ≤ H ≤ 1. Write

δ :=
∫

K
H dλ, h := H − δ.

If ∥h∥L2(λ) ≥ σ, then there exists a Borel set W ⊂ K such that λ(∂W ) = 0 and

∫
K
h
(
1W − λ(W )

)
dλ ≥ σ2

4 .

Proof. Replacing H by a Borel representative, we may assume that H is Borel measurable. Let

A := {x ∈ K : h(x) > 0}.

Since
∫
h dλ = 0, one has ∫

A
h dλ =

∫
K\A

(−h) dλ = 1
2∥h∥L1(λ).

Therefore ∫
K
h
(
1A − λ(A)

)
dλ =

∫
A
h dλ = 1

2∥h∥L1(λ).

Because |h| ≤ 1, one has |h|2 ≤ |h|, hence

∥h∥L1(λ) ≥ ∥h∥2
L2(λ) ≥ σ2.

Thus ∫
K
h
(
1A − λ(A)

)
dλ ≥ σ2

2 . (6.1)

By regularity of λ on the compact metric space K, there exist a closed set C ⊂ A and an
open set O ⊃ A such that

λ(O \ C) < σ2

4 .

Define the continuous function

φ(x) := d(x,C)
d(x,C) + d(x,K \O) ∈ [0, 1].

Then φ = 0 on C and φ = 1 on K \O. For t ∈ (0, 1) set

Wt := {x ∈ K : φ(x) < t}.

Then C ⊂ Wt ⊂ O for every t ∈ (0, 1). Since the disjoint level sets φ−1(t) can have positive
λ-measure for at most countably many t, we may choose t ∈ (0, 1) with

λ(φ−1(t)) = 0.

Set W := Wt. Then ∂W ⊂ φ−1(t), so λ(∂W ) = 0, and

A△W ⊂ O \ C, hence λ(A△W ) < σ2

4 .
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Because
∫
h dλ = 0 and |h| ≤ 1,

|
∫

K
h
(
(1W − λ(W )) − (1A − λ(A))

)
dλ| = |

∫
K
h(1W − 1A) dλ|

≤
∫

K
|1W − 1A| dλ

= λ(A△W ) < σ2

4 .

Combining this with (6.1) gives ∫
K
h
(
1W − λ(W )

)
dλ ≥ σ2

4 .

Theorem 6.2 (Window theorem on the actual sequence). Assume that d(U) > 0. Then there
exist

• a number δ ∈ (0, 1),

• a subsequence Nk → ∞,

• angles θk → α ∈ T,

• an Rα-invariant Borel probability measure λ on T,

• and a Borel set W ⊂ T with λ(∂W ) = 0,

such that

lim
k→∞

1
Nk

Nk∑
n=1

(1U (n) − δ)
(
1W (nθk) − λ(W )

)
≥ δ6

219 . (6.2)

In particular,

lim inf
k→∞

1
Nk

#
{
1 ≤ n ≤ Nk : n ∈ U , nθk ∈ W

}
≥ δλ(W ) + δ6

219 . (6.3)

Proof. Apply Theorem 3.1. Let H ∈ L∞(T, λ) be the conditional expectation there. By
Theorem 3.1(iii),

∥H − δ∥L2(λ) ≥ δ3

256
√

2
.

Set
σ := δ3

256
√

2
.

Lemma 6.1 provides a Borel set W ⊂ T with λ(∂W ) = 0 and∫
T
(H(t) − δ)

(
1W (t) − λ(W )

)
dλ(t) ≥ σ2

4 = δ6

219 . (6.4)

Because H = Eν(y0 | BT),∫
T
(H − δ)(1W − λ(W )) dλ =

∫
X×T

(y0 − δ)(1W (t) − λ(W )) dν(y, t).

The function
Ψ(y, t) := (y0 − δ)(1W (t) − λ(W ))

17



is bounded on X × T, and its discontinuity set is contained in X × ∂W , which has ν-measure
λ(∂W ) = 0. By the Portmanteau theorem,∫

X×T
Ψ dνk →

∫
X×T

Ψ dν.

Since ∫
X×T

Ψ dνk = 1
Nk

Nk∑
n=1

(1U (n) − δ)
(
1W (nθk) − λ(W )

)
,

this proves (6.2).
To obtain (6.3), note first that by definition of δ,

1
Nk

Nk∑
n=1

1U (n) → δ.

Also, because λ is the weak-* limit of the second marginals

λk := 1
Nk

Nk∑
n=1

δnθk

and λ(∂W ) = 0, one has

1
Nk

Nk∑
n=1

1W (nθk) =
∫

1W dλk →
∫

1W dλ = λ(W ).

Expanding the product in (6.2) and passing to the limit gives (6.3).

7 The irrational case: phase laws and interval arcs
Write mT for Haar probability measure on T.

Theorem 7.1 (Irrational packet gives a limiting phase law). Assume the setting of Theorem 3.1,
and suppose that α/2π /∈ Q. Then the circle marginal of ν is Haar measure mT. Moreover there
exists a function H ∈ L∞(T,mT) such that

0 ≤ H ≤ 1 a.e.,
∫
T
H dmT = δ, |

∫
T
(H(t) − δ)e−it dmT(t)| ≥ δ3

256
√

2
,

and for every φ ∈ C(T),

1
Nk

Nk∑
n=1

1U (n)φ(nθk) −→
∫
T
H(t)φ(t) dmT(t). (7.1)

Equivalently,
1

MNk

∑
n≤Nk
n∈U

φ(nθk) −→
∫
T
φ(t) H(t)

δ
dmT(t). (7.2)

Thus ρ := H
δ dmT is a non-uniform absolutely continuous limiting phase law for the actual Ulam

numbers along the subsequence Nk.
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Proof. Let λ := (pr2)∗ν be the circle marginal of ν. Since ν is Sα-invariant, λ is Rα-invariant.
Because Rα is uniquely ergodic when α/2π /∈ Q, one has λ = mT.

Set
H := Eν(y0 | BT) ∈ L∞(T,mT).

Then 0 ≤ H ≤ 1 almost everywhere and∫
T
H dmT =

∫
X
y0 dµ = δ.

Also, ∫
T
(H(t) − δ)e−it dmT(t) =

∫
X×T

(y0 − δ)e−it dν(y, t),

so Theorem 3.1(ii) gives the stated lower bound. In particular H is not almost everywhere
constant.

Now let φ ∈ C(T). Since (y, t) 7→ y0φ(t) is continuous on X × T,

1
Nk

Nk∑
n=1

1U (n)φ(nθk) =
∫

X×T
y0φ(t) dνk(y, t)

−→
∫

X×T
y0φ(t) dν(y, t)

=
∫
T
H(t)φ(t) dmT(t).

This proves (7.1). Dividing by MNk
/Nk = δNk

→ δ yields (7.2). Since H − δ has nonzero first
Fourier coefficient, the limiting law ρ is non-uniform.

Corollary 7.2 (An interval arc with excess mass). In the setting of Theorem 7.1, there exist a
phase β ∈ T and a level η ∈ (−1, 1) such that the interval arc

Wβ,η := {t ∈ T : cos(t− β) > η}

satisfies ∫
Wβ,η

H(t) dmT(t) ≥ δ mT(Wβ,η) + δ3

512
√

2
.

Consequently,

lim inf
k→∞

1
Nk

#
{
1 ≤ n ≤ Nk : n ∈ U , nθk ∈ Wβ,η

}
≥ δ mT(Wβ,η) + δ3

512
√

2
.

Proof. Let
I :=

∫
T
(H(t) − δ)e−it dmT(t).

By Theorem 7.1, |I| ≥ δ3/(256
√

2). Choose β ∈ T so that eiβI = |I|. Then∫
T
(H(t) − δ) cos(t− β) dmT(t) = ℜ

(
eiβ
∫
T
(H(t) − δ)e−it dmT(t)

)
= |I| ≥ δ3

256
√

2
.

For x ∈ [−1, 1] one has the identity

x = −1 +
∫ 1

−1
1{x>η} dη.
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Applying this with x = cos(t− β), multiplying by H(t) − δ, and using
∫
T(H − δ) dmT = 0, we

obtain ∫
T
(H(t) − δ) cos(t− β) dmT(t) =

∫ 1

−1

(∫
Wβ,η

(H(t) − δ) dmT(t)
)
dη.

The outer interval has length 2, so there exists η ∈ [−1, 1] such that∫
Wβ,η

(H(t) − δ) dmT(t) ≥ δ3

512
√

2
.

Since the right-hand side is positive, one must have η ∈ (−1, 1). This proves the first claim.
Finally, the function (y, t) 7→ y01Wβ,η

(t) is bounded, and its discontinuity set is contained
in X × ∂Wβ,η, which has ν-measure mT(∂Wβ,η) = 0 because the boundary of the arc is finite.
Hence Portmanteau gives

1
Nk

Nk∑
n=1

1U (n)1Wβ,η
(nθk) →

∫
Wβ,η

H(t) dmT(t).

Combining this with the first inequality yields the stated lower bound for the counting function.

Corollary 7.3 (The same phase law is carried by a genuine sum-free core). Assume the hypotheses
of Theorem 7.1, and let BNk

⊂ [1, Nk] be sum-free sets with

|ANk
△BNk

| = o(Nk)

as given by Corollary 2.4. Then for every continuous φ : T → C,

1
Nk

Nk∑
n=1

1BNk
(n)φ(nθk) −→

∫
T
φ(t)H(t) dmT(t),

and
|BNk

|
Nk

→ δ.

Equivalently,
1

|BNk
|
∑

n∈BNk

φ(nθk) −→
∫
T
φ(t) H(t)

δ
dmT(t).

Thus the same non-uniform absolutely continuous phase law already arises on a sequence of
genuine sum-free cores.

Proof. The density statement is Corollary 2.4. For the profile statement, note that

| 1
Nk

Nk∑
n=1

(1ANk
(n) − 1BNk

(n))φ(nθk)| ≤ ∥φ∥∞
Nk

|ANk
△BNk

|

→ 0.

The unnormalized convergence therefore follows from Theorem 7.1. The normalized statement
follows by dividing by |BNk

|/Nk → δ.

20



8 From varying phases to fixed-angle windows
For t ∈ T = R/2πZ, write

∥t∥T := min
m∈Z

|t− 2πm|.

Proposition 8.1 (Phase stabilization for continuous test functions). Assume the setting of
Theorem 7.1, and in addition suppose that

Nk ∥θk − α∥T −→ 0.

Then for every φ ∈ C(T),

1
Nk

Nk∑
n=1

1U (n)φ(nα) −→
∫
T
H(t)φ(t) dmT(t),

and equivalently,
1

MNk

∑
n≤Nk
n∈U

φ(nα) −→
∫
T
φ(t) H(t)

δ
dmT(t).

Proof. First assume that φ is Lipschitz with respect to the circle metric, with Lipschitz constant
L. Then

| 1
Nk

Nk∑
n=1

1U (n)
(
φ(nθk) − φ(nα)

)
|

≤ L

Nk

Nk∑
n=1

∥n(θk − α)∥T

≤ L

Nk

Nk∑
n=1

n ∥θk − α∥T

≤ LNk ∥θk − α∥T,

which tends to 0 by hypothesis. The conclusion therefore holds for every Lipschitz φ by
Theorem 7.1.

Now let φ ∈ C(T). Since Lipschitz functions are uniformly dense in C(T), choose a Lipschitz
function ψ with ∥φ− ψ∥∞ < ε. Then

| 1
Nk

Nk∑
n=1

1U (n)φ(nα) −
∫
T
HφdmT| ≤ 2ε+ | 1

Nk

Nk∑
n=1

1U (n)ψ(nα) −
∫
T
Hψ dmT|.

Taking k → ∞ and then ε → 0 proves the first convergence. The second follows by dividing by
MNk

/Nk → δ.

Proposition 8.2 (Boundary-null sets under phase stabilization). Assume the setting of Theo-
rem 7.1, and in addition suppose that

εk := Nk ∥θk − α∥T → 0.

Then for every Borel set W ⊂ T with mT(∂W ) = 0 one has

1
Nk

Nk∑
n=1

|1W (nθk) − 1W (nα)| → 0.

Consequently, every counting or covariance statement in Theorem 6.2 and Corollary 7.2 remains
valid after replacing nθk by nα.
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Proof. Fix a Borel set W ⊂ T with mT(∂W ) = 0. For n ≤ Nk,

distT(nθk, nα) ≤ n ∥θk − α∥T ≤ εk.

If 1W (nθk) ̸= 1W (nα), let Jn ⊂ T be a shortest closed arc joining nα to nθk. Then

length(Jn) = distT(nα, nθk) ≤ εk.

Since the two endpoints of Jn have different W -membership, the connected set Jn meets both
W and T \W ; hence some point of Jn lies in ∂W . In particular,

distT(nα, ∂W ) ≤ εk.

Writing
(∂W )r := {t ∈ T : distT(t, ∂W ) ≤ r},

we therefore have

1
Nk

Nk∑
n=1

|1W (nθk) − 1W (nα)| ≤ 1
Nk

#
{
1 ≤ n ≤ Nk : nα ∈ (∂W )εk

}
.

Let η > 0. Since mT(∂W ) = 0, there exists a finite union O of open intervals such that

∂W ⊂ O and mT(O) < η.

For all sufficiently large k, one has (∂W )εk ⊂ O. Since α/2π is irrational, Weyl equidistribution
gives

1
Nk

#{1 ≤ n ≤ Nk : nα ∈ O} → mT(O) < η.

Thus

lim sup
k→∞

1
Nk

Nk∑
n=1

|1W (nθk) − 1W (nα)| ≤ η.

Since η > 0 is arbitrary, the claim follows.
Now let (c(k)

n ) be any sequence with |c(k)
n | ≤ 1. Then

| 1
Nk

Nk∑
n=1

c(k)
n

(
1W (nθk) − 1W (nα)

)
| ≤ 1

Nk

Nk∑
n=1

|1W (nθk) − 1W (nα)| → 0.

Taking c(k)
n = 1 or c(k)

n = 1U (n) − δ yields the advertised stability of the counting and covariance
statements.

Let G denote the σ-algebra on X × T generated by the second coordinate.

Proposition 8.3 (Criterion for fixed-window resolution). In the setting of Theorem 7.1, the
following are equivalent.

(i) There exists a measurable set W ⊂ T such that H = 1W almost everywhere.

(ii) The coordinate function y0 is G-measurable on (X × T, ν); equivalently, there exists a
measurable function b : T → {0, 1} such that

y0 = b(t) ν-a.e. on X × T.
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Proof. Assume first that (i) holds. Since H = Eν [y0 | G], one has∫
X×T

(y0 −H(t))2 dν =
∫

X×T
y0 dν − 2

∫
X×T

y0H(t) dν +
∫

X×T
H(t)2 dν

=
∫
T
H dmT −

∫
T
H2 dmT.

If H = 1W almost everywhere, then H2 = H almost everywhere, so the right-hand side is 0.
Hence y0 = H(t) = 1W (t) for ν-almost every (y, t), and y0 is G-measurable.

Conversely, assume (ii). Then y0 = b(t) for some measurable b : T → {0, 1}. Since H is the
conditional expectation of y0 with respect to G, it follows that H = b almost everywhere. Thus
H is almost everywhere the indicator of the measurable set W := b−1(1).

Corollary 8.4 (Conditional fixed-angle window measure law). Assume the hypotheses of
Theorem 7.1. Suppose in addition that

Nk ∥θk − α∥T → 0

and that the equivalent conditions of Proposition 8.3 hold. Then there exists a measurable set
W ⊂ T with mT(W ) = δ such that for every φ ∈ C(T),

1
Nk

Nk∑
n=1

1U (n)φ(nα) −→
∫

W
φ(t) dmT(t),

and
1

MNk

∑
n≤Nk
n∈U

φ(nα) −→ 1
δ

∫
W
φ(t) dmT(t).

In particular, under phase stabilization and circle-factor measurability, the subsequence Nk

admits a fixed-angle window measure law. If the resulting window can moreover be chosen with
Haar-null boundary, then the corresponding literal indicator-window counts follow as well.

Proof. By Proposition 8.3 one has H = 1W almost everywhere for some measurable W ⊂ T.
Since

∫
TH dmT = δ, necessarily mT(W ) = δ. The conclusion now follows immediately from

Proposition 8.1.

9 Concluding remarks
The results proved above turn finite-scale large Fourier coefficients into a one-dimensional
Kronecker component in a Furstenberg limit of the actual Ulam orbit. They also show that
positive-density initial segments of the Ulam sequence are uniformly almost sum-free, that this
component gives a genuine spectral atom, and that the irrational case produces a bona fide
absolutely continuous phase law on the circle together with interval arcs of excess mass.

There are now three distinct remaining rigidity problems, each cleaner than the original
hidden-signal question.

1. Collapse the finite packet set to a singleton. Theorem 4.2 shows that once a positive-
density convergent model is fixed, the maximizing phases are trapped near a finite set of
threshold atoms of one limiting Koopman spectrum. A sharp next step would be to show
that

Sµ(c0) ∩ [0, π]

contains only one point. Corollary 4.6 would then force actual phase convergence.
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2. Quantitative phase stabilization. To pass from varying phases to one fixed angle on
the raw sequence, Propositions 8.1 and 8.2 show that it would suffice to prove

Nk ∥θk − α∥T → 0.

Under this quantitative stabilization, all current covariance and interval statements at nθk

immediately upgrade to the fixed frequency nα.

3. Resolve the circle profile into a genuine window. The remaining qualitative step is to
prove that the limiting profile H is almost everywhere {0, 1}-valued, or equivalently that the
coordinate function is measurable with respect to the limiting circle factor. Proposition 8.3
isolates this step exactly. To obtain literal indicator-window counts at the fixed angle, one
would additionally want a representative window with Haar-null boundary.

These are precisely the places where Green’s almost-sum-free structure theorem and the
arithmetic regularity technology of Green–Tao and Eberhard seem most naturally adapted to
the problem. In that sense, the present paper should be read as an infinitary reduction: the
hidden signal for U(1, 2) has been promoted to a genuine one-dimensional Kronecker component
and finitely many candidate packet centers, and what remains is a quantitative and structural
rigidity problem for that component.
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