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Abstract

Let U = U(1,2) be the classical Ulam sequence, let = € {0,1}% be its zero-extended
bi-infinite indicator, let T := R/27Z, and let X be the shift-orbit closure of . We prove
that positive upper density forces a one-dimensional Kronecker component in a Furstenberg
limit of the actual Ulam orbit; when the extracted frequency lies outside {0, 7}, this gives a
genuine rank-1 toral packet. More precisely, if d(U) > 0, then there exist a shift-invariant
probability measure p on X, a frequency a € T, and a nonzero eigenfunction g € L*>(X, i)
with g o T = e¢"®g such that

[ o=t = o= 5= [ d

In particular, the Koopman spectral measure of the centered coordinate has an atom of mass
at least 65/217.

The paper pushes this packet statement in four directions. First, every initial segment
An =U N1, N] has at most 3|Ax| Schur triples, hence by Green’s theorem is o(N)-close to
a genuinely sum-free set. Second, if one fixes a positive-density subsequence along which
the empirical orbit measures converge, then every accumulation point of the maximizing
finite-scale Fourier phases is forced into a finite threshold atom set of the limiting Koopman
spectrum; in particular, the maximizing phases cannot drift through a continuum. Third,
in the irrational case one obtains a non-uniform absolutely continuous limiting phase law
for the actual Ulam numbers, together with an interval arc carrying quantitatively excess
mass and the same phase law on a sequence of genuine sum-free cores. Fourth, we prove a
general window-correlation theorem at the varying maximizing phases and isolate two further
inputs—quantitative phase stabilization and circle-factor measurability of the coordinate—
that would yield a fixed-angle window measure law; a boundary-null representative of the
window would then upgrade this to literal indicator-window counts.

This gives the infinitary reduction suggested by Ross: a subsequential hidden signal for
the actual Ulam sequence becomes a genuine one-dimensional spectral component and, after
fixing a limiting orbit measure, is trapped in finitely many spectral atoms of one limiting
dynamical system.
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1 Introduction

The classical Ulam sequence U(1,2) is defined greedily by starting from 1,2 and repeatedly
adjoining the smallest integer that has a unique representation as a sum of two distinct earlier
terms. The sequence was introduced by Ulam and later discussed in detail by Queneau [14, 10].
Despite its simple definition, it remains poorly understood. Classical work of Finch and of
Schmerl-Spiegel established rigidity for several regular 1-additive families [4, 12]; more recent work



of Cassaigne-Finch, Kuca, Hinman-Kuca—Schlesinger—Sheydvasser, and Kravitz—Steinerberger
develops additional structural and rigidity phenomena for related additive sequences and Ulam-
type sets [1, 9, 7, 8]. On the experimental side, Steinerberger isolated a striking hidden
frequency and a non-uniform phase profile modulo 27 for U(1,2) [13]. Very recently Clément
and Steinerberger proved new bounds on growth and small gaps for the Ulam sequence [2].

The present note is concerned with an infinitary formulation of that hidden-frequency
phenomenon. The starting point is a finite-scale large Fourier coefficient, of the type already
emphasized by Ross in his thesis [11]. Ross proved a large-Fourier-coefficient theorem for
almost sum-free sets, showed that a nonzero limit point of the finite-scale maximizing phases
would yield a genuine nonzero Fourier coefficient provided the corresponding infinitary limit
exists, derived interval-correlation statements from such coefficients, and explicitly singled out
ultralimits, energy increment, and arithmetic regularity as the next tools to try [11]. From the
same finite-scale information we construct, by compactness, an invariant joining on X x T. The
joining yields a genuine eigenfunction on a Furstenberg limit of the sequence itself. We use the
word packet loosely for the resulting one-dimensional toral component; when the eigenvalue is
non-real, the eigenline together with its complex conjugate forms a genuine real rank-1 packet,
while o = 7 is the usual order-two real edge case.

A second theme of the paper is that the Ulam sequence is extremely close to being sum-free
at every finite scale. Indeed, the defining unique-representation property implies that every
element of Ay :=U N [1, N] contributes at most three ordered Schur triples. Green’s theorem
on almost-sum-free sets therefore produces a sequence of genuine sum-free cores By C [1, V]
with |ANABN| = o(N) [5]. This observation interacts naturally with the toral picture: in the
irrational case the same limiting phase law already appears on the sum-free cores.

The main results may be summarized as follows.

(i) Positive upper density forces a one-dimensional Kronecker component on a Furstenberg
limit of the actual Ulam orbit, with explicit correlation against the centered coordinate;
when the extracted frequency lies outside {0, 7}, this is a genuine toral packet.

(ii) The Kronecker-component theorem automatically gives a genuine Koopman spectral atom.
If the extracted frequency is 0, this forces a quantitative splitting of the coordinate density
among ergodic invariant measures on the orbit closure.

(iii) In the irrational case the circle marginal is Haar measure, hence one obtains a non-uniform
absolutely continuous limiting phase law for the actual Ulam numbers, an interval arc with
excess mass, and the same phase law on the sum-free cores.

(iv) If one fixes a positive-density subsequence along which the empirical orbit measures
converge, then the maximizing finite-scale phases are spectrally trapped near a finite
threshold atom set of the limiting Koopman spectrum. At the level of the varying phases
one also obtains a general window-correlation theorem. Two additional inputs—quantitative
phase stabilization and measurability of the coordinate function with respect to the limiting
circle factor—yield a fixed-angle window measure law; a boundary-null representative of
the window would then promote this to literal indicator-window counts.

For the structural background relevant to the remaining rigidity problem, see Green, Green—
Tao, and Eberhard [5, 6, 3]. No automorphic input is used anywhere in the arguments below.

2 The Ulam property, Schur triples, and a large finite-scale
character

Write
UZ{U1<UQ<U3<”'}, ur =1, wug =2,



and for n > 2 let u,41 be the least integer > u,, having a unique representation w; + u; with
1 <7< n.
For a set A C N define
ra(m)i=#{z <yeA:iz+y=m}

and the ordered representation count

sa(m) = Z 1a(z)1a(m —z).

z€Z
For N > 1 let
An :=UNTL, N], My = |An|, ON = —.
We extend all indicators by 0 outside their support.

Lemma 2.1. For every integer m > 2 one has
meU <= ry(m)=1.
In particular, if w € U N [3, N], then ra, (u) = 1.

Proof. If m = up41 € U, then by definition rg,,  ,.3(m) = 1. Since all later Ulam numbers
exceed m, no later term can create a new representation of m, so ry/(m) = 1.

Conversely, assume ry/(m) = 1. Let n be maximal with u,, < m. Every representation of m
uses only terms < m, hence only w1, ..., un, S0 Ty, . 4,3} (m) = 1. By definition of the Ulam
recursion, this already implies u,+1 < m. On the other hand, maximality of n gives u,4+1 > m.
Hence up+1 =m, som e U.

The last assertion is immediate. O

Lemma 2.2. Ifu € UN[3, N]|, then

SAxn (u) =2+ 1{u even and u/2€AN} <3.

Proof. By Lemma 2.1, 74, (u) = 1. Thus there is exactly one unordered representation u = z+y
with z < y and z,y € Ay, contributing exactly two ordered pairs (z,y) and (y,z). A diagonal
pair (u/2,u/2) contributes once exactly when w is even and u/2 € Ay. This gives the formula. [

For a finite set A C N define its ordered Schur-triple count
T(A) = #{(m,y,z) €Az +y= Z} = Z SA(Z)'

z€A

Corollary 2.3. For every N > 1 one has
T(An) < 3Mpy < 3N.

In particular,
T(Ay) = o(N?).

Proof. For z =1 one has s4, (1) = 0, while for z = 2 one has
say(2)=1
coming from the diagonal pair (1,1). Thus every z € Ay N {1, 2} still satisfies
say(z) <1<3.
If z € Ay N[3, N], then Lemma 2.2 gives s4, (z) < 3. Therefore

T(An) = Y say(z) <3|Ay|=3My < 3N.

zEAN

The final assertion follows immediately. O



Corollary 2.4 (Green sum-free core). There exist sets By C [1,N] such that each By is

sum-free and
’ANABN’ = O(N)

In particular, if N, — oo and én, — 0, then

|BNk|

5.
N,

Proof. By Corollary 2.3, the sets Ay C [1, N] satisfy T(Ay) = o(N?). Green’s corollary on
almost-sum-free sets [5, Cor. 1.6] therefore gives sum-free sets By C [1, N] with

’ANABN’ = O(N)
The density statement is immediate from

|An| = |Bn]| < |[ANABN| = o(N).

For finitely supported f : Z — C write
=" f(n)e ", 0 € [0,2n],

nez

and use Parseval in the form

Iy = o | 1@ a0

Theorem 2.5 (Large finite-scale character). Define

N .
0) ==Y (1u(n) — dn)e .
n=1

If 63N > 16, then
53
&
sup IEn(0) = N

0€[0,27]

Since Ex(0) = 0, the mazximizing frequency is nonzero.
Proof. Fix N and abbreviate

A=Ay, M:=My, §:=0y, I:=1pn

Define
fi=14—06I, g:=14%14—0*Ix1).
Then L R
g=[f*@Qa+0I),  g(0)=f(0)(1a(0) +31(9)),
and f:é’N.

We first lower-bound ||g||2. List the elements of A as
ar <ag <---<apy.

Since a;j > j, at least M /2 of these elements satisfy u > M /2. Fix such a u € A. Because u < N,
one has (I * I)(u) = u — 1. Lemma 2.2 therefore gives

l9(u)] = [sa(u) — 6%(u—1)| > 6(u—1) - 3.



Since u > M /2 = 0N/2,

5(u—1)—3>52(%N—1)—3_5TN—52 3.

Because § < 1 and 82N > 16, the right-hand side is at least 62N /4. Therefore
5N 57 4
Il > 5-(5) = SN

Next we upper-bound ||g|2 in terms of sup|f]. By Parseval,

lolB = o [ IF@PTA6) +5T0) s

< (supl F(O)P) 14+ 6113,
0

Now
114+ (5IH§ = |A| + 02N + 20|A| =0(1+30)N < 40N.

Hence

lgll5 < 46N Sl;p\f(9) 2

Combining the lower and upper bounds yields

6'N3/32  6ON?
46N 1287

s%plf(@!z >

that is,
N 53
sup| f(0) E—N
lf(0) > =

Since ]?: En, this is the claimed estimate. Finally,

N
En(0) = Y (1y(n) —8) = M — 6N =0,
n=1
so the maximizing frequency cannot be 0. O

3 Circle profiles and a one-dimensional Kronecker component
on the actual orbit

Let
x = (Tn)nez € {0, 1}Z

be the zero-extended bi-infinite indicator,

1, n>landnel,
Tp:=4¢0, n>1landn¢lU,
0, n<O0.

Let X C {0,1}% be the orbit closure of z under the left shift

(TY)m = Ym1-

We write yq for the coordinate function on X. Let Bt denote the o-algebra on X x T generated
by the second coordinate.



Theorem 3.1 (Circle profile theorem). Assume that

dU) ;= limsupdy > 0.

N—oo

Then there exist
o a number § € (0,1),
e a subsequence N — oo,

e angles 0y, € T with 0y, — a € T and

|EN, (Ok)| = sup|En,, (0)| for every k,
0eT

e an Sy-invariant Borel probability measure v on X X T, where
‘S’Ot(ya t) = (Tya t+ Oé),

o the first marginal p := (pry).«v and the second marginal A := (pry).v.

The measure i is T-invariant, the measure X\ is Rq-invariant, and, if

53
H:=E, Br) € L>=(T, \), R,(t) =t + a, =—
0] B €L5TA,  Ral)i=tta,  w= b

then:
(1)
/ Yo du(y) = 0
X

(i) 0<H<L1, [fHd\=4, and
(@) = ) A > cos
T

iii) n particular,
(i)
|H — 5HL2(/\) 2 Co.

Proof. Choose a subsequence Ny — oo such that
1) N, — 6> 0.

For each k choose a maximizer 0, € T of § — |En,(0)|. For all sufficiently large k, one has
55’\,ka > 16, so Theorem 2.5 gives

1 n 1 o 0%
— > (Lu(n) = ony)e 0% = sup|— 3 (Lu(n) — o, )e "] > e, 1
Nk;( u(n) — o Je™"| = sup| o nZ::l( un) = o )e™™| = o5 (3.1)

Passing to a further subsequence, we may assume that
0 — aeT.

Passing again to a further subsequence if necessary, we may arrange that for every k,
53
2561/2

and N, > 0



Also,

) 1 ) 1 ;
o —infy _ _ —infy, ) —inby
— ) (1y(n) —d)e N, § (1u(n) —dny, e + (6w, — 9) N, nz::le :

n=1 n=1

Since
. —inlk| < 1
e — )
Nk n=1

the triangle inequality and (3.1) give

1 M - 5%
v, 2 (uln) = 0)e™%| = ST — oy, =]
n=1
53 53 53

> — > = ¢p.
642 256v2 T 256v2  ©
Therefore
L .
— Z(lu(n) —0)e ™% > ¢ for every k. (3.2)
Nk n=1

Now define probability measures on X x T by

1
Vi = Fk Z: 5(me’m9k).
m=1

Since X x T is compact, after passing to a further subsequence we may assume that
*

vV — UV

for some Borel probability measure v on X x T.
We claim that v is invariant under S,. Let ® € C(X x T). Then

/(IDOSadI/k—/(I)de
1

(<I>(Tm+1:v, mb + ) — &(T"x, m@k)>

N Fk m=1
Ny,
1
S (0t ) BT s 000
Nk m=1
YL
_ m+1 . m

Because @ is uniformly continuous and 8, — «, the first average tends to 0. The second average
telescopes to
(TNt g, (N), + 1)0k) — ®(Tx, b))
Ny, '
which also tends to 0. Hence v is S,-invariant. Therefore y = (pr;).v is T-invariant and
A = (prg).v is Ry-invariant.
Since the function y +— yg is continuous on X,

N N

/Xyo du(y) = lim — > (T"x)o = Jim 3 1y(m) =4



This proves (i). Let
H = ]Ey(yo | B’]I‘)

Then 0 < H <1 and [ Hd\ = 6.
Moreover, by (3.2),
| (Yo — 0)e " dug(y, t)] = I* > (Lu(m) = §)e %] = cq.
XxT m—1

Passing to the limit gives

[ w0 =8 duly.0)] = co
XxT

By the defining property of conditional expectation,
/ (o — 8)e ™ du(y, 1) — / (H(t) — §)e™i dA(L).
X T T
This proves (ii). Since |e~%| = 1, Cauchy—Schwarz yields
JRCERERNEY E P

so (iii) follows. In particular H is not A-almost everywhere equal to the constant . Because
0<H <1and [; Hd\ =9, this forces 0 < § < 1. O

Corollary 3.2 (Single Kronecker component on the actual orbit). Assume d(U) > 0, and let §,
a, i, and v be as in Theorem 3.1. Then there exists a nonzero function g € L (X, u) such that

goT =¢"%g  p-a.e.

3
[ 0= 05 dulw)| = .

In particular, a single one-dimensional Kronecker component already captures the centered
coordinate of a Furstenberg limit of the actual Ulam orbit.

and

Proof. Disintegrate v over its first marginal p:

= Oy Uy d ,
v /X y & Vy w(y)

where each vy is a probability measure on T. Since v is S,-invariant,

v=( *l/—/ Oy ® (Ra)«vy du(y), Ry(t) ==t + «.

Because T is invertible on X and p is T-invariant, a change of variables z = Ty rewrites this as

v= [ 6:@ (Ra)wrr. du(z).

This is a second disintegration of v over the same first marginal p, so uniqueness of disintegration
gives
vy, = (Ra)slp-1, for pu-almost every z,

equivalently,
vry = (Ra)«ly for p-almost every y.



Define
9(y) ::/Te” duy(t).

Then g € L*°(X, ) and ||g||co < 1. Moreover, for u-almost every v,

o(T9) = [ e dvr,(®) = [ " d((Ra)r)(0)

T
N / o) dyy (1) = "y (y).
T

Thus g is a T-eigenfunction with eigenvalue .

Finally,
/ (yo — 0)g(y) du(y) = / (o = 9) (/ e dvy(t)) dp(y)
X X T
— [ (o o) ().
XxT
Theorem 3.1(ii) gives the stated lower bound. In particular g # 0. ]

Corollary 3.3 (Spectral atom). In the setting of Corollary 3.2, let
Fi=yy— 8 € LA(X, p),

and let Upf := foT be the Koopman operator. Then the Up-spectral measure of F' has an atom

at a of mass at least
2\ o
(256\/§> e

Equivalently, if P, denotes orthogonal projection onto the a-eigenspace
Ey,:={h e L*(X,pu): hoT = ¢e"“h},

then
3

)
25612

Proof. Let g be the eigenfunction from Corollary 3.2. Since ||g||lcc < 1, one has ||g|l2 < 1.
Therefore, with h := g/||g||2, we have h € E, and ||h|2 =1, so

| PaFll2 >

53
2564/2°

By the spectral theorem, the mass of the spectral measure of F at {a} is exactly || P, F||3. O

1PaFlle > | [ P)hlg)duty)| = ‘fo(yﬁZfé) U [ F@swdnty)| =

4 Prescribed-marginal extraction and spectral trapping of max-
imizing phases
The next proposition is the fixed-marginal version of the packet extraction argument. It will allow

us to pin the packet to a prescribed limiting dynamical system and then trap the maximizing
phases in the atomic spectrum of that single system.



Proposition 4.1 (Packet extraction with prescribed first marginal). Let Ny — oo, let
1
k

and suppose the empirical orbit measures

1 N
Mg = == D Orn
N, 2

converge weak-* to a T-invariant Borel probability measure p on X. Let 6, — « € T, and
assume that for some ¢ > 0,

N
Z(lu(n) —0)e 0% > ¢ for every k. (4.1)

n=1

1
Ny,

Set
F:=yo—0 € L*(X,p).

Then the Up-spectral measure of F' has an atom at o of mass at least ¢?. Equivalently, if
E,:={h € L*(X,p) : hoT = ¢"“h}
and P, denotes orthogonal projection onto E,, then
IPuFz > c.

Proof. Define probability measures on X x T by

By compactness, after passing to a subsequence we may assume that v, — v for some Borel
probability measure v on X x T. Since the first marginal of v is g, the first marginal of v is pu.
Moreover, because y — g is continuous on X,

[ wodut) = tim [ yodun(y) = lim 5=
X k—oo Jx k—o00

so F' = yy — ¢§ is indeed centered. Moreover, the hypothesis (4.1) rules out 6 € {0, 1}, since

1 N 1 N
— 1,,(n) — §)e ™| < 1,(n) =46 =0
Nk;( u(n) —9) _Nk11§::1| u(n) =9

when § =0 or § = 1.
Exactly as in the proof of Theorem 3.1, the limit v is invariant under the skew shift

Sa(y,t) == (Ty,t + ).

Disintegrate v over its first marginal:

v= / 0y @ vy du(y),
X

where each v, is a probability measure on T. The same argument as in the proof of Corollary 3.2
shows that

o) = [ e du,(®)

10



belongs to L*°(X, u), satisfies ||g]|co < 1, and is an eigenfunction:
goT = ey p-a.e.

Moreover, by (4.1) and weak-* convergence,

[ o=y iy, 0] > e
XxT

Hence, exactly as in Corollary 3.2,

[ o= )3l dn(y)] > e

Normalizing g in L?(X, 1) and applying the spectral theorem yields

|PoFll2 > ¢ and or({a}) > 2

Theorem 4.2 (Spectral trapping theorem). Let Ny — oo be a subsequence such that

_ |Z’{ﬁ [1’Nk”

Ok
k N,

— >0,

and suppose the empirical orbit measures

1 M
o= 3 O
N, 207

converge weak-* to a T-invariant Borel probability measure pn on X. For each k choose 0y, € [0, ]
such that

|En (0x)] = sup|&n, (6)-
0eT

(This is possible because 0 — |En, (0)| is continuous and En, (2w — ) = En, (0).) Set

53
F:=yy—0eL*X,p), = ——0,
Yo (X, 1) 0 9561/2

and define the threshold atom set
Suleo) = {a € T: op({a}) = B}
Then:
(i) every accumulation point of (0y) belongs to Su(co);
(ii) Su(co) is finite and satisfies

6(1 -6
(el < S <270 - 557

(ili) for every e >0, all but finitely many 6y, lie in the e-neighborhood of Sy (co).

11



Proof. Because d, — d > 0, after discarding finitely many terms we may assume that
53 4]
and 5k > —
256+/2 2

for every k. Also 5};’]\7 r — 00, so for all large &k Theorem 2.5 gives

|0r — 0| <

L o) O}
— 1y(n) — 6 )e k| > —5_,
Ny 2 () — e 2
Moreover,
1 M 0 L - 1 Nk -
— 1(n) —6)e % = — 1(n) — 0k )e ™% + (0 — 0)— e "k,
Ny 2 () =9 Ny 2 () = 3000~ 4 (5= )3 3
Since

1
Nk; | <1,

the triangle inequality gives

1 - 53
o 2 () = )% = o — 15— 4]
n=1
- (53 53
T 642 25642
63
> =
= o562 0

for every sufficiently large k. Also, because y — yg is continuous on X,

/ Yo du(y) = lim / Yo dug(y) = lim & =4,
X k—o0 J X k—00

so F' = yp — 0 has mean zero. After discarding finitely many initial terms and relabeling, we
may therefore assume that

N,
1 & -
A E (14(n) — 8)e™ ™% | > ¢, for every k.
k

n=1

Now let a be any accumulation point of (). Passing to a further subsequence if necessary,
we may assume that 6, — «. Proposition 4.1, applied with the same sequence N, the same
limiting measure u, and the lower bound above, shows that

or({a}) = .

Thus o € S, (cp), proving (i).
For (ii), the total mass of op is

oe(T) = |IFIE = [ (90— 0)* du(y) = 8(1 - 5),

because y3 = yo and [y yo du = . Therefore the number of atoms of mass at least ¢ is at most
§(1 — 8)/c3, giving the stated bound.
For (iii), suppose not. Then there exist € > 0 and an infinite subsequence (fy,) such that

distr(0k;, Spu(co)) > € for every j.

By compactness of [0, 7], the sequence () has an accumulation point 3. Passing to a further
subsequence, we may assume 0, — 5. By (i), B € Su(co), contradicting the continuity of the
distance to the closed set S, (co). O

12



Corollary 4.3 (Zero accumulation forces invariant mass). In the setting of Theorem 4.2, if 0 is
an accumulation point of (0y), then
[PoF'[|2 > co.

If

p= ndm(n)
Erg(X,T)

is the ergodic decomposition of i and

a(n) ;:/ Yo dn — 6,
X

then
[ aPdnt = hence [ ja()]dn(n) >
Erg(X,T) Erg(X,T)

Consequently there exist ergodic T-invariant Borel probability measures ny and n— on X such

that
2 2

/yodn+26+c—°, /yodn—éé—c—o.

X 2 X 2

Proof. 1f 0 is an accumulation point of (6)), then Theorem 4.2(i) gives 0 € S,(co), hence
or({0}) = | RFI3 > c.

This is the first claim.
Under the ergodic decomposition of u, the invariant projection PoF' = E, (¥ | Z7) corresponds
to the function a on Erg(X,T), where Zp is the T-invariant o-algebra. Thus

[ atydntn) = [ Fdu=0
Erg(X,T) X

and
L an?dn(n) = [RFI =
Erg(X,T)

Since |a(n)| < 1, one has |a(n)|? < |a(n)|, so
L latnldn(o) =
Erg(X,T)

Because [‘adm = 0, the positive and negative parts satisfy

1 cg
/a+d7r:/a_d7r:§/|a|d7T25.

Hence there exist ergodic components 74 and n_ with

2 2
0] 0]
>0 )< -9
a(ne) = 9 a(n-) < %
which is exactly the stated density splitting. O

Corollary 4.4 (Zero is excluded under ergodicity). In the setting of Theorem 4.2, assume in
addition that p is ergodic. Then 0 is not an accumulation point of (0x). Equivalently, there
exists € > 0 such that

O € [6, 7T]

for all sufficiently large k.

13



Proof. If 0 were an accumulation point, Corollary 4.3 would give ||PyF'||2 > ¢p. But when p is
ergodic, the 0-eigenspace consists of constants, and F' = yg — ¢ has mean zero. Hence PyF = 0,
a contradiction. O

Corollary 4.5 (Finite packet decomposition). In the setting of Theorem 4.2, write
SM(CO) N [0777] = {Oél, EERE) a’f}'

Then r < 0o, and for every € > 0 there exists K such that for all k > K one has

‘gk € U Bg(aj).
j=1

In particular, after partitioning a tail of the index set according to the nearest cj, each piece has
all its accumulation points contained in a single packet center.

Proof. This is just a restatement of Theorem 4.2(ii)—(iii). O

Corollary 4.6 (Uniqueness of the packet implies phase convergence). In the setting of Theo-
rem 4.2, assume that
Su(co) N[0, 7] = {a}

consists of a single point. Then
Gk — Q.

Proof. By Theorem 4.2(iii), for every € > 0 all but finitely many 6y, lie in the e-neighborhood of
{a}. This is exactly the statement 6 — . O

5 The zero-frequency alternative

Proposition 5.1 (Zero frequency forces density splitting). Assume d(U) > 0, and let §, a, v,
and X be as in Theorem 3.1. Set 53

co = .

O 25612
Then either a # 0, or else there exist ergodic T-invariant Borel probability measures ny and n—
on X such that

& C
/yodn+26+—0, /yodn—éé——o.
X 2 X 2

FEquivalently, the only obstruction to a nonzero extracted frequency is a quantitative splitting of
the coordinate density among ergodic invariant measures on the orbit closure.

Proof. If a # 0, there is nothing to prove. Assume a = 0. Then S, = T X idr, so disintegrating
v over its second marginal gives

I/:/E/Lt(@(stdA(t).

Since v is (T x idy)-invariant, the family ¢ — T,y is another disintegration of v over the same
second marginal A. By uniqueness of disintegration, T = ¢ for A-almost every ¢.
Define

a(t) == /X(yo —9) duy.

Then a € L*°(T, \) is real-valued, |a| < 1, and

Lawarxe = [ o= dvy.t)= [ wdu—s=o0.

14



On the other hand, Theorem 3.1(ii) gives

Hence

[la®dr® = .
T

Since [ad\ = 0, the positive and negative parts satisfy

1
/a+d)\:/a_d)\:§/]a|d)\2%0.

E+::{teﬂr:a(t)262°}’ EiZ{tGT‘““)S_CzO}

Hence the sets

both have positive A-measure. Choose ¢4 € E and t_ € E_ from the full-measure set on which
the disintegration ¢ — py; is defined. Then

o €o
dug, >0+ — d <5 -2,
/yO bty = 27 /yo Mt = 2

Finally, apply the ergodic decomposition theorem to ;. and p;_. Since the map n +— [ yodn
is affine, some ergodic component of y;, still satisfies the lower inequality, and some ergodic
component of u;_ still satisfies the upper inequality. ]

Corollary 5.2 (A clean nonzero-frequency criterion). If all ergodic T-invariant Borel probability
measures on X have the same value of [y yodn, then the extracted frequency in Corollary 3.2
automatically satisfies a # 0.

Proof. This is immediate from Proposition 5.1. O

Corollary 5.3 (Ergodicity rules out the zero-frequency case). Assume that ény — 6 > 0 and
that the empirical measures

1 N
HUN = N Z 6Tmm
m=1

converge weak-* to an ergodic T-invariant measure 1 on X. Then there exists an angle o € T\ {0}
such that the spectral measure of yo — 8 on (X, u, T) has an atom at o of mass at least §%/217.

Proof. Apply Theorem 3.1 along a subsequence Ny, for which the empirical measures still converge
to p. Then the first marginal in that theorem is exactly . Corollary 3.2 therefore yields an
eigenfunction g € L*°(X, p) with

53
256/2°

If & =0, then ¢ is T-invariant. Since p is ergodic, ¢ is constant almost everywhere, and hence

goT =¢"g  and !/X(yo—5)§du!2

/(yo—5)§du=§/ (Yo —0) du =0,
X X

contradicting the lower bound. Thus « # 0. The spectral atom statement is now Corollary 3.3.
O

15



6 A general window theorem at the varying maximizing phases

Lemma 6.1 (Window extraction). Let K be a compact metric space, let X\ be a reqular Borel
probability measure on K, and let H € L™ (K, \) satisfy 0 < H < 1. Write

5::/ Hd\,  h:=H—6.
K

If Bl z2(x) = o, then there exists a Borel set W C K such that A(OW) = 0 and

2
/ h(lw — A(W)) dr > 2.
K 4
Proof. Replacing H by a Borel representative, we may assume that H is Borel measurable. Let
A:={z e K :h(z) > 0}.

Since [ hdA =0, one has

1
/hd)\:/ (=h)dx = Sl .
A K\A

Therefore 1
h(lg—XA)d\N= | hd\= =||h .
[ ha=x)ax = [ hax= gz

Because |h| < 1, one has |h|? < |k, hence
1Bl = hll720 = 0.

Thus

0.2

/ W1 — AA))dr > T (6.1)
K 2
By regularity of A on the compact metric space K, there exist a closed set C' C A and an

open set O D A such that
2

A(O\C)<%.

Define the continuous function

.7 d(z,C)
@) = ) 1 dle, K\ O)

€ [0,1].

Then ¢ =0on C and ¢ =1 on K\ O. For t € (0,1) set
Wyi={x € K : p(z) < t}.

Then C C W; C O for every t € (0,1). Since the disjoint level sets ¢~!(¢) can have positive
A-measure for at most countably many ¢, we may choose t € (0,1) with

M7 (t) = 0.
Set W := W;. Then W C ¢~ 1(t), so A(OW) = 0, and

2
AAW C O\C,  hence  MAAW) < UZ

16



Because [hdX =0 and |h| <1,

| 1w =AY = (L4 = MAD) AN = | [ h(tw = 14)d

< [ [ = 142
K

0_2

Combining this with (6.1) gives

/ h(lw — A(W)) dA > o
K 4
0

Theorem 6.2 (Window theorem on the actual sequence). Assume that d(U) > 0. Then there
exist

o a number § € (0,1),

e a subsequence Nj — 00,

e angles 0y — a € T,

e an Ry-invariant Borel probability measure A on T,

o and a Borel set W C T with A\(OW) =0,

such that
1 Ny, 56
klgrolo I nz::l(lu(n) —0)(Aw (nby) — A(W)) > 15" (6.2)

In particular,

| &0
lllggfﬁk#{lgngl\fk:neu, nfp € W} ZéA(W)—i_ﬁ‘ (6.3)
Proof. Apply Theorem 3.1. Let H € L*°(T,\) be the conditional expectation there. By

Theorem 3.1(iii),

53
H-9 >
[ 2200 = ey
Set
53
7T 256y

Lemma 6.1 provides a Borel set W C T with A(OW) = 0 and
o2 &
L =) aw -xm) o = 5 = 5 (6.4)

Because H = E,(yo | Br),

L= 8w = A ax = [ (o~ o) Lw(e) ~ AW dviy. ).
T XxT

The function
U(y,t) == (yo — 6) (1w (t) — A(W))

17



is bounded on X x T, and its discontinuity set is contained in X x W, which has v-measure
A(OW) = 0. By the Portmanteau theorem,

/ v dy, — W dv.
XxT XxT

Ni

[ wane= 3" (uln) — 8) (1w (n6y) ~ A(OV))

k n=1

Since

this proves (6.2).
To obtain (6.3), note first that by definition of 4,

and A(OW) = 0, one has

N,
1 k
Fknz::l 1y (nby) = /1W dX\p — /1W d\ = \(W).
Expanding the product in (6.2) and passing to the limit gives (6.3). O

7 The irrational case: phase laws and interval arcs

Write mr for Haar probability measure on T.

Theorem 7.1 (Irrational packet gives a limiting phase law). Assume the setting of Theorem 3.1,
and suppose that o/2m ¢ Q. Then the circle marginal of v is Haar measure my. Moreover there
exists a function H € L*(T, mt) such that

0<H<1 ae, /THme =0, |/T(H(t) —&)e U dmrp(t)| > 25‘;3\/5’
and for every o € C(T),
1 Ny
Ny 2 Lulmo(nty) — JRCEOrTO) (7.1)
Equivalently,
i 3 elnte) — o0 dmeo (79)

neu

Thus p := % dmr is a non-uniform absolutely continuous limiting phase law for the actual Ulam
numbers along the subsequence Ny.

18



Proof. Let X\ := (pry)«v be the circle marginal of v. Since v is S,-invariant, A is R,-invariant.
Because R,, is uniquely ergodic when a/27 ¢ Q, one has A = myr.
Set
H :=E,(yo | Br) € L*(T, mr).

Then 0 < H <1 almost everywhere and

/Hqur:/ygdu:d
T X

Also,
L) = 8 dmn(t) = [ (g0~ o) ()
T

XxT

so Theorem 3.1(ii) gives the stated lower bound. In particular H is not almost everywhere
constant.
Now let ¢ € C(T). Since (y,t) — yop(t) is continuous on X x T,

1 &
N, 2 llwe(nte) = [ anelt) 1)

— Yop(t) dv(y,t)
XxT

= [ O dmr(t).

This proves (7.1). Dividing by My, /N = én, — 0 yields (7.2). Since H — § has nonzero first
Fourier coefficient, the limiting law p is non-uniform. O

Corollary 7.2 (An interval arc with excess mass). In the setting of Theorem 7.1, there exist a
phase B € T and a level n € (—1,1) such that the interval arc

W, :={t€T:cos(t—pB)>n}

satisfies 3
/WM H(t) dmr(t) > dmr(Ws,) + Miﬂ
Consequently,
, 3
liminf - #{1 < n < Niin €U, bl € Wag) > Sma(Wy) + 512v2
Proof. Let

I /T (H(t) — §)e~" dm(1).

By Theorem 7.1, |I| > 6%/(2561/2). Choose 8 € T so that ¢’’T = |I|. Then

/T (H(t) — 6) cos(t — B) dmn(t) = §R(ei’8 /T (H(t) — 5)e~t me(t)>

For x € [—1, 1] one has the identity



Applying this with & = cos(t — ), multiplying by H(t) — §, and using [;(H — ) dmrt = 0, we

obtain
/T (H(t) — 6) cos(t — B) dmr(t) = [ 11 ( /Wﬁ

The outer interval has length 2, so there exists n € [—1, 1] such that

53
/WB (H(t) = 8) dme(t) > ———.

iy

(H(t) - 0) me(t)) dn.

7

Since the right-hand side is positive, one must have n € (—1,1). This proves the first claim.

Finally, the function (y,t) = yolw,, (t) is bounded, and its discontinuity set is contained
in X x 0Wpg,,, which has v-measure mt(0W3,) = 0 because the boundary of the arc is finite.
Hence Portmanteau gives

Z 1u 1WB n&k) — H(t) me(t).
We.n

Combining this with the first inequality yields the stated lower bound for the counting function.
O

Corollary 7.3 (The same phase law is carried by a genuine sum-free core). Assume the hypotheses
of Theorem 7.1, and let By, C [1,Nj] be sum-free sets with

| AN, ABN, | = o(Ny)

as given by Corollary 2.4. Then for every continuous ¢ : T — C,

N,
1 k
3 2 Loy, (We(mb) — [ pOH() dma (),
kn:l
and By |
Ng
—E ).
Ne
Equivalently,
t
Z@n@k —>/g0 quy()
|BNk n€BNn

Thus the same non-uniform absolutely continuous phase law already arises on a sequence of
genuine sum-free cores.

Proof. The density statement is Corollary 2.4. For the profile statement, note that
1

o (L, (1) = Ly, ()t < L8]y Ay |

n=1

— 0.

The unnormalized convergence therefore follows from Theorem 7.1. The normalized statement
follows by dividing by |Bn, |/Nk — 6. O
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8 From varying phases to fixed-angle windows

For t € T = R/27Z, write
||It||T := min|t — 27m)|.
meZ

Proposition 8.1 (Phase stabilization for continuous test functions). Assume the setting of
Theorem 7.1, and in addition suppose that

Nk ||0k — OzH']r — 0.

Then for every ¢ € C(T),

and equivalently,

Proof. First assume that ¢ is Lipschitz with respect to the circle metric, with Lipschitz constant
L. Then

Ny
1
|F > 1y(n)(e(nby) — ¢(na))|
n=1
L
< 2 _
< Nknngn(@k o)l
N
L k
< = _
<N n,1nH9k allt

which tends to 0 by hypothesis. The conclusion therefore holds for every Lipschitz ¢ by
Theorem 7.1.

Now let ¢ € C(T). Since Lipschitz functions are uniformly dense in C(T), choose a Lipschitz
function ¢ with ||¢ — ¥]|e < e. Then

N, N
1 & 1 &
— 1,(n na—/Hdm <2+ |— 1(n na—/Hdm.
‘Nkngl u(n)p(na) — | Hep dmrl ’Nan::l u(m)y(na) — | Hydmr
Taking £k — oo and then € — 0 proves the first convergence. The second follows by dividing by
MNk /Nk — 4. O

Proposition 8.2 (Boundary-null sets under phase stabilization). Assume the setting of Theo-
rem 7.1, and in addition suppose that

EL = Nk ||9k: — Oz||']1‘ — 0.

Then for every Borel set W C T with mp(OW) = 0 one has

Ng
Z|1w(n9k) — lw(na)\ — 0.

n=1

1
Ny

Consequently, every counting or covariance statement in Theorem 6.2 and Corollary 7.2 remains
valid after replacing nfy by na.
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Proof. Fix a Borel set W C T with mg(0W) = 0. For n < N,
distp(nby, na) < n |0, — afr < ek.

If 1y (nby) # 1w (na), let J,, C T be a shortest closed arc joining na to nfg. Then
length(J,) = distr(na, nby) < eg.

Since the two endpoints of J,, have different W-membership, the connected set .J,, meets both
W and T \ W; hence some point of J,, lies in 9W. In particular,

distr(na, OW) < g.
Writing
(OW)" :={t € T : distp(¢t,0W) < r},
we therefore have
N
€ > 1w (i) — 1w (na)| < i#{1 <n < N :na€ (OW)}.
Ny, el - Ny - =

Let 7 > 0. Since my(OW) = 0, there exists a finite union O of open intervals such that
oW c O and mr(0) < 7.

For all sufficiently large k, one has (W) C O. Since a/27 is irrational, Weyl equidistribution
gives

1
F#{lgnSNk:naEO}%mT(O)<n.
k
Thus
1 D
lim sup — 1w (nbe) — 1y (na)| <n.
k_mkanzzjll w(nbe) — lw(na)| <n

Since i > 0 is arbitrary, the claim follows.
Now let (cgk)) be any sequence with ]c,(lk)] < 1. Then

N, N,
1 k k
‘ﬁ > B (1 (ny) — 1w (na))| < N > 1w (nby) — 1w (na)| — 0.
k n=1 k n=1
Taking B =1or el = 13(n) — 0 yields the advertised stability of the counting and covariance
statements. O

Let G denote the o-algebra on X x T generated by the second coordinate.

Proposition 8.3 (Criterion for fixed-window resolution). In the setting of Theorem 7.1, the
following are equivalent.

(i) There exists a measurable set W C T such that H = 1y almost everywhere.

(ii) The coordinate function yo is G-measurable on (X x T,v); equivalently, there exists a
measurable function b: T — {0,1} such that

yo = b(t) v-a.e. on X x T.

22



Proof. Assume first that (i) holds. Since H = E,[yo | G|, one has

/qur@“_ H(t))? d”_/xmyod”_Q/ yoH (t) dv + XXTH(t)Qdu

—/Hme—/H dmr.

If H = 1y almost everywhere, then H? = H almost everywhere, so the right-hand side is 0
Hence yo = H(t) = 1y (t) for v-almost every (y,t), and yp is G-measurable.

Conversely, assume (ii). Then yo = b(t) for some measurable b: T — {0,1}. Since H is the
conditional expectation of yy with respect to G, it follows that H = b almost everywhere. Thus
H is almost everywhere the indicator of the measurable set W := b=1(1). O

Corollary 8.4 (Conditional fixed-angle window measure law). Assume the hypotheses of
Theorem 7.1. Suppose in addition that

Nk H@k — OéHT —0

and that the equivalent conditions of Proposition 8.3 hold. Then there exists a measurable set
W C T with mp(W) = § such that for every ¢ € C(T),

1
3 2 Lulmp(na) — [ (e dma(t)
kA=l w
and .
— nao) t) dmrp(
My, & plna) — 3 / p(t) dm (¢
n%L(

In particular, under phase stabilization and circle-factor measurability, the subsequence Ny
admits a fized-angle window measure law. If the resulting window can moreover be chosen with
Haar-null boundary, then the corresponding literal indicator-window counts follow as well.

Proof. By Proposition 8.3 one has H = 1y almost everywhere for some measurable W C T.
Since [p H dmt = 6, necessarily mr(W) = ¢. The conclusion now follows immediately from
Proposition 8.1. O

9 Concluding remarks

The results proved above turn finite-scale large Fourier coeflicients into a one-dimensional
Kronecker component in a Furstenberg limit of the actual Ulam orbit. They also show that
positive-density initial segments of the Ulam sequence are uniformly almost sum-free, that this
component gives a genuine spectral atom, and that the irrational case produces a bona fide
absolutely continuous phase law on the circle together with interval arcs of excess mass.

There are now three distinct remaining rigidity problems, each cleaner than the original
hidden-signal question.

1. Collapse the finite packet set to a singleton. Theorem 4.2 shows that once a positive-
density convergent model is fixed, the maximizing phases are trapped near a finite set of
threshold atoms of one limiting Koopman spectrum. A sharp next step would be to show
that

S,(co) N[0, ]

contains only one point. Corollary 4.6 would then force actual phase convergence.
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2.

Quantitative phase stabilization. To pass from varying phases to one fixed angle on
the raw sequence, Propositions 8.1 and 8.2 show that it would suffice to prove

Nk Hek — 04”']1‘ — 0.

Under this quantitative stabilization, all current covariance and interval statements at nfy
immediately upgrade to the fixed frequency na.

Resolve the circle profile into a genuine window. The remaining qualitative step is to
prove that the limiting profile H is almost everywhere {0, 1}-valued, or equivalently that the
coordinate function is measurable with respect to the limiting circle factor. Proposition 8.3
isolates this step exactly. To obtain literal indicator-window counts at the fixed angle, one
would additionally want a representative window with Haar-null boundary.

These are precisely the places where Green’s almost-sum-free structure theorem and the

arithmetic regularity technology of Green—Tao and Eberhard seem most naturally adapted to
the problem. In that sense, the present paper should be read as an infinitary reduction: the
hidden signal for U(1,2) has been promoted to a genuine one-dimensional Kronecker component
and finitely many candidate packet centers, and what remains is a quantitative and structural
rigidity problem for that component.
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