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Abstract

We prove the following form of Erdds Problem 42 [1]. For every fixed M > 1 and all
sufficiently large N, every non-empty Sidon set A C [N] admits a Sidon set B C [N] of size
M such that

(A—A)n(B - B) ={0}.

The proof follows the Fourier-positive route suggested in the forum comments on the prob-
lem [2]. Embed [N] in a prime cyclic group of order p < N. If F = A — A, then Sidonicity
gives

L1p(r) = [1a(r)* = (1A - 1) = ~O(p),

so 1 is asymptotically positive definite. A one-sided complexity-one counting lemma then
shows that a positive proportion of M-tuples in [N]™ have all pairwise differences outside
F. Discarding the Oy (N ~1) non-Sidon tuples leaves the desired set B.

1 Notation and the main statement

Write [N] = {1,...,N}. A finite set S C Z is called Sidon if its non-zero ordered differences are
all distinct; in other words, if

$1— S0 =83 — 84 # 0, s; €5,
then (s1,s2) = (s3,s4). Equivalently, the positive differences s — s’ with s > s are all distinct.

Theorem 1.1 (Erd8s Problem 42 [1]). For every integer M > 1 there is No(M) such that,
whenever N > No(M) and A C [N] is a non-empty Sidon set, there is a Sidon set B C [N] with
|B| = M and

(A—A)n (B - B)={0}.

The empty set is excluded only because then 0 ¢ A— A, so the literal conclusion with equality
to {0} cannot hold. If the problem is phrased with (A — A) N (B — B) C {0}, the empty case is
of course vacuous.

For a function f : F, — C we use the unnormalised Fourier transform

]/”\(7“) = Z f(x)e¥ri—re/p, r € F.

z€lF,

If F C F, is symmetric, then 15(r) is real for all 7.



2 A one-sided positive-definite avoidance lemma

The main input is the following compactness form of the “key lemma” discussed in the fo-
rum thread [2]; it is also closely related to the Delsarte/positive-exponential-sum viewpoint of
Matolcsi-Ruzsa [4]. It is a one-sided version of the usual complexity-one counting lemma: only
lower bounds on the Fourier coefficients of the forbidden set are assumed.

Lemma 2.1 (One-sided avoidance lemma). Fiz M > 1 and constants 0 < ap < a3 < 1/2. Let
Pn — 00 be primes, let Ly, be integers with cypn, < Ly, < a1pp, and put I, ={1,...,L,} CF, .
Let F,, C Fp,, be symmetric sets with 0 € F,, such that

[ Fn| < pn/2 (1)

and
1/p\n(r) > —o(pn) uniformly for r € Fp, . (2)
Then
Lminf Py, 2,er,. (33Z —x; ¢ Fy, forevery1 <i<j< M) > 0,

n—o0

where the x; are sampled independently and uniformly from I, and differences are taken in Fp,, .

We first record the standard compactness/counting principle from which Lemma 2.1 follows.
It is the U? case of arithmetic regularity together with the complexity-one counting lemma for
the linear forms x; — x;.

Proposition 2.2 (Compact U? counting principle). Let py, Ly, I, be as in Lemma 2.1, and let
fn : Fp, — [0,1] be symmetric functions. After passing to a subsequence, there are a compact
connected abelian group G, a Borel probability measure v on G, and a measurable function
f: G —[0,1] such that the following hold.

(i) For every fized graph H on vertex set {1,...,h},

lim ]Exl,...,a:hefn H fn(wz - IL’]‘) = Lh H f(yz - yj) dy(yl) e dy(yh)‘ (3)

n—o0
ijeE(H) ijEE(H)

(ii) If Ezer,, fu(z) <1/2+40(1), then

| Fane <12
G

where pg denotes Haar probability measure on G.

iii /,: r) > —o(pn) uniformly in r € , then f is positive definite: after changing f on a
iii) [ > forml Fp,., th tive d te: after ch f
null set, it has a Fourier expansion

f(x) = Z ayy(x), ay >0, Z% < o0.
v

'yeé

(iv) If Hy < G is a proper closed subgroup, then

(v xv){(y,2):y—2z € Hy} =0. (4)



Proof of Proposition 2.2. This is a routine compactness packaging of the s = 1 arithmetic regu-
larity and counting lemma of Green-Tao [3]. Apply the U? arithmetic regularity lemma to f,
with an error parameter tending to zero. The structured factors are generated by boundedly
many characters of [, , together with the archimedean coordinate z/p, needed to keep track
of the interval I,,. Since p, — oo through primes, every non-trivial character appearing in the
limit has unbounded order; after diagonalising over the error parameter and the bounded lists
of characters, the resulting inverse-limit group G is compact and connected.

The forms z; — z; have Cauchy-Schwarz complexity one. The complexity-one counting
lemma therefore transfers every fixed graph count from f,, to the limiting model, giving (3).
The global averages pass to Haar averages, which gives (ii). The Fourier lower bound passes to
every character of the limiting compact group and gives non-negative Fourier coefficients, which
is (iii).

It remains only to justify the spread-out property (iv).ALet Hy < G be proper and closed.
By Pontryagin duality there is a non-trivial character v € G with v|g, = 1. Pulling v back to
the finite models gives a non-trivial additive character of I, for all sufficiently large n. Such a
character has kernel {0}. Hence, for two independent uniformly sampled points z,z € I,

Plyp(z —2)=1) <Pz =2)=1/L, — 0.
Passing to the limit gives (4). O

Proof of Lemma 2.1. Suppose the conclusion fails. Passing to a subsequence, we may assume
that the displayed probability in Lemma 2.1 tends to zero. Apply Proposition 2.2 to f,, = 1F,.

By (1), the limiting function f has Haar mean at most 1/2. By (2), it is positive definite.
Replacing f by its continuous positive-definite representative, write

f@) =Y an(@),  ay=0.
veG
Since 0 < f <1, we have f(0) < 1. If f(0) < 1, then |f(z)| < f(0) < 1 for all z, and so f(x) < 1
everywhere. Otherwise f(0) =1 and . a, = 1. In that case equality f(z) = 1 can occur only
when every character in supp(a) takes the value 1 at x. Thus

K:={rxeG: f(z)=1} ={z € G:~(z) =1 for every v € supp(a)}

is a closed subgroup of G. It is proper, since otherwise f =1, contradicting [ fdug < 1/2.

By the spread-out property (4), for every pair i < j the set of (yi,...,yn) € GM with
yi —y; € K has vM_measure zero. Outside the union of these finitely many null sets, one has
flyi —y;) < 1forall i < j. Hence

H (1—flyi—y;)) >0

1<i<j<M

for v™-almost every (y1,...,ya), and the integral of this non-negative product is strictly posi-
tive.

Expanding the product [, ;(1 — 1g,(z; — z;)) and applying (3) to each subgraph of Ky
gives

Jim By, ayer, I Q-1g(2i—=)))
1<i<j<M

- /GM T (=f@wi—v)) dvw) - dvlym) >0,



contradicting the assumption that the avoidance probability tends to zero. O

3 The reduction from arbitrary Sidon sets

We now prove Theorem 1.1. The point of this section is that no maximality or extremality
assumption on A is needed.

Lemma 3.1 (Fourier positivity of A — A). Let A C [N] be Sidon and non-empty. Let p > 2N
be prime, and view A as a subset of F,,. Put ' =A— A CTF,. Then

1F = 1A*1—A — (‘A’ — 1)50
and consequently
Lp(r) = [Ta(n)? = (Al = 1) > —(JA| = 1) (reF,). (5)

Moreover

[F| =1+ Al(JA] —1) < 2N — 1. (6)

Proof. Since p > 2N, all differences between elements of [N] are represented without wrap-
around in F,. Sidonicity says that every non-zero difference has at most one ordered represen-
tation @ — @’ with a,a’ € A. Thus 14 % 1_4 is equal to 1p away from 0, while at 0 it is |A| and
must be reduced to 1. This gives the convolution identity and hence (5).

The positive differences of A are distinct and lie in {1,..., N — 1}. Hence (";“) < N-1
Since the non-zero elements of F' are the positive and negative differences,

|F| = 1+2<|‘;”> <2N —1.

O

Proof of Theorem 1.1. The case M = 1 is immediate, so assume M > 2. It is enough to rule
out a sequence of counterexamples with N — oc.
Let A,, C [N,] be non-empty Sidon sets with N,, — oo. Choose, by Bertrand’s postulate, a
prime p,, satisfying
4N, < pn < 8N,.

Set F, = A, — A, CF,, and I,, = [N,]| C Fp,. Then N,,/p, € (1/8,1/4), and Lemma 3.1 gives
|F| < 2N, —1<p,/2
and

1p,(r) > —(|Ax| — 1) > —O(\/N,,) = —o(py),

uniformly in r € F,,,. Lemma 2.1, with ap = 1/8 and ay = 1/4, therefore implies that a positive
proportion of ordered M-tuples
(bl, RN bM) S [Nn]M

satisfy
bl—bJ¢An—An (1§Z<]§M) (7)



Here there is no ambiguity between integer and modular differences, because all differences lie
in (=N, N,,) and p, > 2N,,. Since 0 € A,, — A,, every tuple satisfying (7) has pairwise distinct
entries.

It remains to impose the Sidon condition on the tuple. The number of ordered M-tuples
in [N,)™ which are not Sidon is Op/(NM~1). Indeed, failure of the Sidon property gives a
non-trivial linear equation

bi — b = by — by

among four indexed variables, and there are only Ojs(1) choices of 14,7, k,[l; each non-trivial
equation has O(Né\/[ ~1) solutions. The good tuples supplied by Lemma 2.1 number >, N,]LW
along the sequence, so for all sufficiently large n at least one of them is Sidon. Its set of entries
is a Sidon set B C [N,,] of size M, and (7) gives

(A — An) N (B — B) = {0}.

This contradicts the existence of counterexamples and proves the theorem. ]

4 Relation with the extremal Fourier-counting argument

The proof above uses only the one-sided Fourier positivity which every Sidon set has. It is useful
to record how this compares with the more concrete extremal argument for largest Sidon sets.
Suppose A C [N] is a Sidon set satisfying

where the Fourier transform is now taken on Z and restricted to T = R/Z. Largest Sidon subsets
of [N] satisfy (8) by the theorem of Ortega—Prendiville [5].
Let D=A— A and

4] = N'2(1+0(1))

and A
= 1 1/2

Leo(T)

A 2
Ry =1+l qn,  B(d) = (N —[d)+, AZ(’w').

Since A is Sidon,
1p=14x1_4 — (JA4] — 1)do.

The Fourier-uniformity assumption gives

H1DTTRNH o(N).

Loo(r)

Consequently, for every X,Y C [N],
>3 (o(e —y) = ARn (@ — )| = o(N?),
zeX yeY

by Fourier inversion and Cauchy—Schwarz. Thus the kernels

Wa(z,y) =1—1p(x —y), Wo(z,y) =1— ARn(z —y)



have cut distance o(N?). The dense graph counting lemma transfers Kj; counts from Wy to
Wg. Since

Wolr.y) = 2 o)

uniformly in z,y € [N], a Riemann-sum calculation gives

N—M Z H (1—1D(bi—bj))—>/ H ]a;i—xj\da:1~-de>0.

M
bi,...ba €[N] 1<i<j <M 01" <ici<m

After discarding Op;(NM~1) non-Sidon tuples, this gives the desired B for extremal Sidon sets.
The previous sections supply the missing unconditional reduction: arbitrary Sidon sets need
not be extremal, but their difference sets are nevertheless asymptotically positive definite, and
Lemma, 2.1 is exactly the one-sided counting input needed to exploit that fact.
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