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Abstract

Let A be a finite nonempty set of positive integers and define

BA := {n ≥ 1 : a | n for some a ∈ A}, fA(x) := |BA ∩ [1, x]|, DA(x) := fA(x)
x

.

We study the Erdős problem asking whether

DA(m) < 2DA(n) (m > n ≥ max A)

always holds. The constant 2 is best possible for singleton sets. We prove the conjectured
inequality in several substantial ranges. First, for each fixed finite A we obtain an explicit
signed lcm-weight criterion implying the inequality for all sufficiently large n, together with
a finite-window theorem for near-extremizers. Second, we introduce split counting functions

FU |V (x) :=
∣∣(BU \ BV ) ∩ [1, x]

∣∣
and prove a one-tail split-doubling theorem for singleton classes, with a sharp edge-case
analysis, together with a pair-vs-one-tail theorem. As a consequence, the original Erdős
inequality holds whenever the primitive reduction of A has size at most 3. Third, we isolate
a union-bound reduction in the sparse regime and use it to prove a small-excess theorem: if
fA(n) − |Amin| ≤ 5, then DA(m) < 2DA(n) for every m > n. In particular, all low layers
fA(n) ≤ 9 are completely resolved.

We also record an exact quotient recursion for split counts, a two-block decomposition
reducing the full problem to pair-vs-tail split inequalities, a derived overlap decomposition for
the sparse bottleneck, and a compressed-predecessor reformulation of the order-slack problem.
We then reformulate pair-tail systems through quotient tails and overlap graphs, obtaining
an explicit finite-window criterion from cluster-expansion lower bounds and Janson upper
bounds. Finally, we explain where the present local transport method breaks: singleton
split doubling already fails for two forbidden moduli, so the first unresolved local transport
problem is the pair-vs-two-tail case; we isolate a precise exact-one criterion which would
settle that case.
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1 Introduction
Let A ⊆ N be finite and nonempty. Write

BA =
⋃

a∈A

aN, fA(x) = |BA ∩ [1, x]|, DA(x) = fA(x)
x

.

We consider the following multiples-version of an Erdős problem:

DA(m) < 2DA(n) (m > n ≥ max A). (1)

The formulation above appears in Erdős’ 1966 paper [2] and in Guy’s collection [3]. We assume
throughout that A ⊆ {2, 3, 4, . . . }; if 1 ∈ A, then BA = N and the problem is trivial. The empty
set is also trivial, so the only interesting case is a finite nonempty set A ⊆ {2, 3, 4, . . . }.

The constant 2 cannot be improved. Indeed, if A = {a}, n = 2a − 1, and m = 2a, then

DA(m)
DA(n) = 1/a

1/(2a − 1) = 2 − 1
a

→ 2.

Our rigorous results are summarized below.

Theorem 1.1 (Summary of proved results). Let A ⊆ {2, 3, . . . } be finite.

(a) Let Amin denote the primitive reduction of A. If |Amin| ≤ 3, then (1) holds for every
m > n ≥ max A.

(b) If
fA(n) − |Amin| ≤ 5,

then (1) holds for every m > n ≥ max A.

(c) If fA(n) ≤ 9, then (1) holds for every m > n ≥ max A.

(d) Let L(A) be the set of distinct lcm-values arising from nonempty subsets of A, and define

λd :=
∑

∅̸=S⊆A
lcm(S)=d

(−1)|S|+1, δA :=
∑

d∈L(A)

λd

d
.
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Let
W+(A) :=

∑
λd>0

λd, W−(A) :=
∑

λd<0
(−λd).

If
n >

2W+(A) + W−(A)
δA

,

then
DA(m) < 2DA(n) (m > n).

(e) More generally, if 0 < ε < δA, m > n, and

DA(m)
DA(n) > 2 − ε,

then necessarily
n <

2W+(A) + W−(A)
δA − ε

.

A further result, proved in section 8, gives an explicit finite-window criterion for pair-tail
split inequalities in terms of quotient-tail overlap graphs, cluster-expansion lower bounds, and a
Janson upper bound.

Several core ingredients below — the singleton theorem, the singleton-vs-one-tail theorem,
the dense case, and the union-bound reduction — were independently checked in Lean 4. Where
it clarifies the argument, we follow that proof structure.

In section 2 we record the exact signed lcm-transport identity and its large-n corollaries.
In section 3 we prove the singleton and reduced two-generator cases of (1). In section 4 we
introduce split counts FU |V , prove the split doubling theorem for singleton classes against one
forbidden modulus with a sharp edge-case analysis and for pairs against one forbidden modulus,
and deduce (1) for primitive sets of size at most 3. In section 5 we prove a general small-excess
theorem and resolve all layers fA(n) ≤ 9. In section 6 we isolate an exact sparse combinatorial
bottleneck together with derived-overlap and compressed-predecessor reformulations. In section 7
we explain where the present local transport method stops, correct the naive singleton-tail route,
and isolate the pair-vs-two-tail bottleneck. Finally, in section 8 we reformulate pair-tail split
sets through quotient-tail systems and overlap graphs, and derive a cluster-style finite-window
criterion for pair-tail inequalities.

2 Primitive reduction and signed lcm transport

2.1 Primitive reduction

Lemma 2.1 (Primitive reduction). If a, b ∈ A and a | b, then removing b from A does not
change BA. Consequently every finite A has a unique inclusion-minimal subset Amin ⊆ A such
that

BAmin = BA,

and no two distinct elements of Amin divide one another.

Proof. If a | b, then bN ⊆ aN, so b is redundant in the union BA =
⋃

c∈A cN. Repeating this
deletion finitely many times leaves exactly the elements of A that are minimal under divisibility.
Hence the resulting inclusion-minimal set is unique.

We henceforth refer to Amin as the primitive reduction of A.
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2.2 The lcm basis

For finite A write

L(A) := {lcm(S) : ∅ ≠ S ⊆ A}, λd :=
∑

∅≠S⊆A
lcm(S)=d

(−1)|S|+1 (d ∈ L(A)).

Grouping the usual inclusion–exclusion expansion by equal lcm-values gives the following exact
formula.

Lemma 2.2 (Inclusion–exclusion in the lcm basis). For every finite A and every x ≥ 1,

fA(x) =
∑

d∈L(A)
λd

⌊
x

d

⌋
.

Consequently,
δA :=

∑
d∈L(A)

λd

d
> 0

is the natural density of BA, and

DA(x) = δA + OA

(1
x

)
.

Moreover, ∑
d∈L(A)

|λd| ≤ 2|A| − 1.

Proof. The first identity is inclusion–exclusion, grouped by common lcm. The density statement
follows by replacing each floor by its linear part. Finally,∑

d∈L(A)
|λd| ≤

∑
∅̸=S⊆A

1 = 2|A| − 1,

since each nonempty subset contributes one sign ±1 to exactly one coefficient λd.

2.3 Exact transport and large-n corollaries

Proposition 2.3 (Exact signed transport identity). Let m > n ≥ 1. Then

DA(m) − 2DA(n) = −δA +
∑

d∈L(A)
λd

( 2
n

{n

d

}
− 1

m

{m

d

})
,

where {x} = x − ⌊x⌋ denotes the fractional part.

Proof. By lemma 2.2,

DA(x) =
∑

d∈L(A)
λd

⌊x/d⌋
x

=
∑

d∈L(A)

λd

d
−

∑
d∈L(A)

λd
{x/d}

x
= δA −

∑
d∈L(A)

λd
{x/d}

x
.

Subtracting 2DA(n) from DA(m) gives the stated formula.

Define
W+(A) :=

∑
λd>0

λd, W−(A) :=
∑

λd<0
(−λd).

Then by lemma 2.2,
W+(A) + W−(A) =

∑
d∈L(A)

|λd| ≤ 2|A| − 1. (2)
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Proposition 2.4 (Signed transport upper bound). For every m > n ≥ 1,

DA(m) − 2DA(n) ≤ −δA + 2W+(A)
n

+ W−(A)
m

≤ −δA + 2W+(A) + W−(A)
n

.

Proof. From proposition 2.3, each term with λd > 0 is at most 2λd/n, while each term with
λd < 0, say λd = −µd with µd > 0, is at most µd/m. Summing gives the first inequality; the
second follows from m > n.

Corollary 2.5 (Explicit large-n criterion). If

n >
2W+(A) + W−(A)

δA
,

then
DA(m) < 2DA(n) (m > n).

In particular, by (2), the simpler sufficient condition

n >
2(2|A| − 1)

δA

also implies (1).

Proof. Under the displayed hypothesis, proposition 2.4 gives DA(m) − 2DA(n) < 0. The second
claim follows from (2).

Corollary 2.6 (Near-extremizers lie in a finite window). Fix 0 < ε < δA. If m > n ≥ max A
and

DA(m)
DA(n) > 2 − ε,

then necessarily
n <

2W+(A) + W−(A)
δA − ε

.

Proof. From the hypothesis and DA(n) ≤ 1 we obtain

DA(m) − 2DA(n) > −εDA(n) ≥ −ε.

Together with proposition 2.4,

−ε < −δA + 2W+(A) + W−(A)
n

,

which rearranges to the stated bound.

3 The tail-free singleton and two-generator cases
Theorem 3.1 (Singleton case). For every d ≥ 2 and every m > n ≥ d,

⌊m/d⌋
m

< 2⌊n/d⌋
n

.

Proof. Write u := ⌊n/d⌋ ≥ 1. Then ⌊m/d⌋ /m ≤ 1/d. Since n < d(u + 1),

2⌊n/d⌋
n

= 2u

n
>

2u

d(u + 1) .

If u ≥ 2, then 2u/(u + 1) > 1, so the right-hand side exceeds 1/d. If u = 1, then d ≤ n ≤ 2d − 1,
so

2⌊n/d⌋
n

= 2
n

≥ 2
2d − 1 >

1
d

.

Thus in all cases ⌊m/d⌋ /m < 2 ⌊n/d⌋ /n.
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Theorem 3.2 (Reduced two-generator case). Let 2 ≤ a < b and assume a ∤ b. Then for every
m > n ≥ b,

|(aN ∪ bN) ∩ [1, m]|
m

< 2 |(aN ∪ bN) ∩ [1, n]|
n

.

Proof. Set
ν :=

⌊
n

a

⌋
, ω :=

⌊
n

b

⌋
, η :=

⌊
n

lcm(a, b)

⌋
.

Then
|(aN ∪ bN) ∩ [1, n]| = ν + ω − η.

Also
|(aN ∪ bN) ∩ [1, m]|

m
≤ ⌊m/a⌋ + ⌊m/b⌋

m
≤ 1

a
+ 1

b
.

Since ν ≤ n/a < ν + 1 and ω ≤ n/b < ω + 1,

1
a

+ 1
b

<
ν + 1

n
+ ω + 1

n
= ν + ω + 2

n
.

So it suffices to prove
ν + ω + 2 ≤ 2(ν + ω − η),

that is,
2 ≤ ν + ω − 2η. (3)

Let g := gcd(a, b). Because a ∤ b, one has a/g ≥ 2, and therefore

lcm(a, b) = ab

g
= b

a

g
≥ 2b.

Hence
η ≤

⌊
n

2b

⌋
≤
⌊

ω

2

⌋
.

Thus
ν + ω − 2η ≥ ν + ω − 2

⌊
ω

2

⌋
∈ {ν, ν + 1}.

If ν ≥ 2, then (3) holds. If ν = 1, then n < 2a < 2b, so ω = 1 and therefore η = 0. Thus again
ν + ω − 2η = 2. This proves the claim.

4 Split transport, pair-vs-one-tail, and pair-tail reduction

4.1 Split counts and exact recursion

For finite sets U, V ⊆ N define

BU :=
⋃

u∈U

uN, FU |V (x) :=
∣∣(BU \ BV ) ∩ [1, x]

∣∣.
When U = {d} we write Fd|V , and when U = {a, b} we write Fa,b|V .

We allow the value 1 to appear in quotient-recursion descendants. In particular, if 1 ∈ V
then BV = N and hence FU |V ≡ 0. Overlaps between U and V are also harmless: the definition
depends only on the unions BU and BV .

Lemma 4.1 (Split inclusion–exclusion). For all finite sets U, V ⊆ N and every x ≥ 1,

FU |V (x) =
∑

∅≠S⊆U

∑
T ⊆V

(−1)|S|+|T |+1
⌊

x

lcm(S ∪ T )

⌋
.
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Proof. This is inclusion–exclusion for the event “some u ∈ U divides” together with the exclusions
“no v ∈ V divides”.

Proposition 4.2 (Exact quotient recursion). Let U, V ⊆ N be finite and let h ∈ V . Put
V ′ := V \ {h} and

U (h) :=
{

u

gcd(u, h) : u ∈ U

}
, V (h) :=

{
v

gcd(v, h) : v ∈ V ′
}

.

Then for every x ≥ 1,
FU |V (x) = FU |V ′(x) − FU(h)|V (h)

(⌊
x

h

⌋)
.

Proof. Numbers counted by FU |V ′(x) but not by FU |V (x) are precisely those n ≤ x which are
divisible by some u ∈ U , by no element of V ′, and also by h. Writing n = ht, the divisibility
condition u | ht is equivalent to u/ gcd(u, h) | t, and similarly v ∤ ht for v ∈ V ′ is equivalent to
v/ gcd(v, h) ∤ t. This gives the second term.

4.2 Singletons against one forbidden modulus

The Lean formalization naturally isolates the following refined one-tail estimate.

Lemma 4.3 (Uniform refined one-tail estimate). Let d, e ≥ 2 and m > n ≥ d. Then

Fd|{e}(m)
m

<
Fd|{e}(n) + 1

n
+ 1

m
<

Fd|{e}(n) + 2
n

.

Proof. If e | d, then Fd|{e} ≡ 0 and there is nothing to prove. Assume therefore that e ∤ d, and
write

L := [d, e], u :=
⌊

n

d

⌋
, U :=

⌊
m

d

⌋
, ω :=

⌊
n

L

⌋
, Ω :=

⌊
m

L

⌋
.

Then Fd|{e}(x) = ⌊x/d⌋ − ⌊x/L⌋ for every x.
Since m > n ≥ d, one has

nU < (u + 1)m,

because U ≤ m/d and hence nU ≤ nm/d < (u + 1)m from n < d(u + 1). Also m < (Ω + 1)L, so

ωm < ω(Ω + 1)L = ωΩL + ωL ≤ nΩ + n,

using n ≥ ωL. Hence
nΩ > ωm − n.

Subtracting gives

n(U − Ω) < (u − ω + 1)m + n =
(
Fd|{e}(n) + 1

)
m + n.

Dividing by mn yields the first displayed inequality; the second follows from m > n.

Theorem 4.4 (Singleton against one forbidden modulus). Let d, e ≥ 2.

(i) If e | d, then Fd|{e} ≡ 0.

(ii) If e ∤ d, then for every m > n ≥ d,

Fd|{e}(m)
m

< 2
Fd|{e}(n)

n
.
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Proof. If e | d, then every multiple of d is also a multiple of e, so Fd|{e} ≡ 0.
Assume now that e ∤ d. Write L = [d, e] = rd with r ∈ N. Since L = d would imply e | d, we

have r ≥ 2.
If n < L, then

Fd|{e}(n) =
⌊

n

d

⌋
, Fd|{e}(m) ≤

⌊
m

d

⌋
,

and the claim follows from theorem 3.1.
Assume now that n ≥ L. By the second inequality in lemma 4.3,

Fd|{e}(m)
m

<
Fd|{e}(n) + 2

n
.

If Fd|{e}(n) ≥ 2, then Fd|{e}(n) + 2 ≤ 2Fd|{e}(n), and we are done.
It remains to treat the edge case Fd|{e}(n) = 1. Since Fd|{e} is nondecreasing and

Fd|{e}(L) = L

d
− 1 = r − 1,

we must have r = 2, so L = 2d. Moreover n < 3d, for otherwise

Fd|{e}(n) ≥ Fd|{e}(3d) = 3 − 1 = 2,

contrary to Fd|{e}(n) = 1. Thus 2d ≤ n < 3d.
If n < m < 3d, then Fd|{e}(m) = 1, so

Fd|{e}(m)
m

= 1
m

<
2
n

= 2
Fd|{e}(n)

n
.

If m ≥ 3d, write k := ⌊m/d⌋ ≥ 3. Since L = 2d,

Fd|{e}(m) = k −
⌊

k

2

⌋
.

If k = 2s, then
Fd|{e}(m)

m
≤ s

2sd
= 1

2d
<

2
3d

<
2
n

.

If k = 2s + 1, then
Fd|{e}(m)

m
≤ s + 1

(2s + 1)d ≤ 2
3d

<
2
n

,

because (s + 1)/(2s + 1) decreases for s ≥ 1 and is maximal at s = 1. In all cases

Fd|{e}(m)
m

<
2
n

= 2
Fd|{e}(n)

n
.

This proves the theorem.

4.3 Pairs against one forbidden modulus

Theorem 4.5 (Pair against one forbidden modulus). Let 2 ≤ a < b < c and assume that a ∤ b,
a ∤ c, and b ∤ c. Then for every m > n ≥ c,

Fa,b|{c}(m)
m

< 2
Fa,b|{c}(n)

n
.
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Proof. Set
da := [a, c], db := [b, c],

and define
A(x) :=

⌊
x

a

⌋
−
⌊

x

da

⌋
, B(x) :=

⌊
x

b

⌋
−
⌊

x

db

⌋
.

Thus A(x) counts multiples of a not divisible by c, and B(x) counts multiples of b not divisible
by c. One always has

Fa,b|{c}(x) ≤ A(x) + B(x), (4)

because common multiples of a and b are counted twice on the right.
We split into two cases.

Case 1: n < min{da, db}. Then below n no multiple of c can also be a multiple of a or b, so

Fa,b|{c}(n) = |(aN ∪ bN) ∩ [1, n]|.

Also
Fa,b|{c}(m) ≤ |(aN ∪ bN) ∩ [1, m]|.

Hence the claim follows from theorem 3.2.
Case 2: n ≥ min{da, db}. By symmetry we may assume da ≤ db, so n ≥ da.

Applying the first inequality of lemma 4.3 to (d, e) = (a, c) gives

A(m)
m

<
A(n) + 1

n
+ 1

m
<

A(n) + 2
n

. (5)

Applying the same lemma to (d, e) = (b, c) gives

B(m)
m

<
B(n) + 1

n
+ 1

m
<

B(n) + 2
n

. (6)

Let E1(n) be the number of x ≤ n which are divisible by exactly one of a, b and not by c,
and let E2(n) be the number of x ≤ n divisible by both a and b and not by c. Then

Fa,b|{c}(n) = E1(n) + E2(n), A(n) + B(n) = E1(n) + 2E2(n).

Combining (4), (5), and (6), we obtain

Fa,b|{c}(m)
m

<
A(n) + B(n) + 4

n
= 2

Fa,b|{c}(n)
n

− E1(n) − 4
n

.

Thus it remains to prove
E1(n) ≥ 4. (7)

Since a ∤ c, one has
da = [a, c] = c

a

gcd(a, c) ≥ 2c > 2b.

Because n ≥ da, the points a, b, 2a, 2b all lie in [1, n]. Now a and b are exact-one points. Also 2a
is exact-one: if b | 2a, then b = 2a, contradicting a ∤ b; if c | 2a, then c = 2a, contradicting a | c.
Finally, 2b is not divisible by c, because c > b and c = 2b would imply b | c.

If a ∤ 2b, then 2b is also exact-one, and (7) is proved.
So assume a | 2b. Write

2b = ka, k ≥ 3.

Then lcm(a, b) = 2b.
If k ≥ 4, then 3a < 2b = lcm(a, b), so b ∤ 3a. Also b ≥ 2a, hence c > b ≥ 2a; if c | 3a, then

necessarily c = 3a, contradicting a | c. Thus 3a is exact-one and c-free. Together with a, b, 2a
this gives four exact-one points.
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If k = 3, then 2b = 3a. We claim that 4a ≤ n. Indeed, if da = 3a, then c | da = 3a = 2b;
since c > b, this forces c = 2b, contradicting b | c. So da ≥ 4a, hence 4a ≤ n. Moreover, b ∤ 4a
because b = 3a/2, and if c | 4a, then c > b = 3a/2 forces c = 2a or c = 4a, both impossible
because then a | c. Thus 4a is exact-one and c-free. Again a, b, 2a, 4a yield four exact-one points.

This proves (7), and hence the theorem.

4.4 Block decomposition and pair-tail reduction

Proposition 4.6 (Two-block decomposition). Let G = {g1 < g2 < · · · < gr} be primitive. Put
s := ⌊r/2⌋ and define

Rj := {g2j−1, g2j} (1 ≤ j ≤ s),

and, for 1 ≤ j ≤ s,
Tj := {g2j+1, g2j+2, . . . , gr}.

If r is even, then

BG =
s⊔

j=1

(
BRj \ BTj

)
.

If r is odd, then

BG =

 s⊔
j=1

(
BRj \ BTj

) ⊔ grN.

In both cases the unions are disjoint.

Proof. Every integer x ∈ BG is divisible by at least one generator. Let j be the unique largest
block index such that some element of Rj divides x; if r is odd and gr | x, then x belongs to
the final singleton block. By construction, x lies in the corresponding displayed piece and in no
later piece. Conversely every displayed piece is contained in BG. Hence the displayed unions are
exact and disjoint.

Corollary 4.7 (Primitive sets of size at most three). If the primitive reduction Amin of A has
size at most 3, then (1) holds for every m > n ≥ max A.

Proof. Replace A by G = Amin. If |G| = 1, this is theorem 3.1. If |G| = 2, this is theorem 3.2.
If |G| = 3, write

BG =
(
B{g1,g2} \ B{g3}

)
⊔ g3N

using proposition 4.6. Apply theorem 4.5 to the first piece and theorem 3.1 to the second.
Summing the two strict inequalities gives (1).

Conjecture 4.8 (Pair-vs-tail split doubling). Let 2 ≤ a < b and let V ⊆ {2, 3, 4, . . . } be finite
with b < min V . Then for every m > n ≥ max(V ∪ {a, b}),

Fa,b|V (m)
m

< 2
Fa,b|V (n)

n
.

Proposition 4.9 (Reduction to the pair-tail conjecture). If conjecture 4.8 holds, then the
original Erdős inequality (1) holds for every finite A.

Proof. Let G = Amin = {g1 < · · · < gr}, and write s := ⌊r/2⌋. By proposition 4.6, BG is a
disjoint union of the two-generator blocks BRj \ BTj , together with the final singleton block grN
when r is odd.

For j < s, and also for j = s when r is odd, the tail Tj is nonempty and satisfies

max Rj = g2j < g2j+1 = min Tj .
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Hence the corresponding contribution is exactly FRj |Tj
(x), and conjecture 4.8 gives its strict

density-doubling inequality.
If r is even, then Ts = ∅, so the last block is

FRs|∅(x) = |BRs ∩ [1, x]|.

This block is handled by theorem 3.2. If r is odd, the final singleton block is handled by
theorem 3.1.

Summing the resulting strict inequalities over the disjoint blocks yields (1).

5 Small excess and the layers fA(n) ≤ 9
The Lean formalization isolates the following general reduction, which packages the union bound
together with a weak singleton estimate.

Proposition 5.1 (Union-bound reduction). Let G = Amin = {g1, . . . , gr}. If

r∑
i=1

⌊
n

gi

⌋
+ r ≤ 2fA(n),

then for every m > n,
DA(m) < 2DA(n).

Proof. Since BA = BG,

fA(m) ≤
r∑

i=1

⌊
m

gi

⌋
.

For each i,
⌊m/gi⌋

m
≤ 1

gi
<

⌊n/gi⌋ + 1
n

,

because ⌊m/gi⌋ ≤ m/gi and n < gi(⌊n/gi⌋ + 1). Hence

n

⌊
m

gi

⌋
<

(⌊
n

gi

⌋
+ 1

)
m.

Summing over i gives

nfA(m) ≤ n
r∑

i=1

⌊
m

gi

⌋
< m

r∑
i=1

(⌊
n

gi

⌋
+ 1

)
= m

(
r∑

i=1

⌊
n

gi

⌋
+ r

)
.

Under the displayed hypothesis, this is at most 2mfA(n), proving

nfA(m) < 2mfA(n),

which is equivalent to (1).

Theorem 5.2 (Small excess theorem). Let G = Amin and write r := |G|. If

fA(n) − r ≤ 5,

then for every m > n ≥ max A,
DA(m) < 2DA(n).

11



Proof. Write G = {g1 < · · · < gr}, set

E := fA(n) − r, ui :=
⌊

n

gi

⌋
(1 ≤ i ≤ r),

and let
k := #{i : ui ≥ 2}.

By proposition 5.1, it is enough to prove
r∑

i=1
ui ≤ r + 2E. (8)

We use three elementary facts.

(F1) Each index with ui ≥ 2 contributes the distinct nongenerator point 2gi ≤ n. Distinctness
is clear, and 2gi cannot itself be a generator because that would make gi divide another
element of G. Hence k ≤ E.

(F2) If ui ≥ E + 2, then 2gi, 3gi, . . . , (E + 2)gi give E + 1 distinct nongenerator points up to
n; none can be a generator because each is a proper multiple of gi. Thus ui ≤ E + 1 for
every i.

(F3) No even multiple 2tg with t ≥ 2 can equal a double 2h of another generator: from 2tg = 2h
one gets h = tg, contradicting primitivity. In particular, numbers such as 4g, 6g, . . . are
never doubles of generators.

If E = 0, then k = 0 by (F1), so every ui = 1, and (8) is immediate.
If E = 1, then by (F1) at most one ui exceeds 1, and by (F2) all ui ≤ 2. Hence

r∑
i=1

ui ≤ (r − 1) · 1 + 2 = r + 1 < r + 2 = r + 2E.

If E = 2, then at most two indices satisfy ui ≥ 2, and all ui ≤ 3. Therefore
r∑

i=1
ui ≤ (r − 2) · 1 + 3 + 3 = r + 4 = r + 2E.

Assume now that E = 3. If k ≤ 2, then
r∑

i=1
ui ≤ (r − 2) · 1 + 4 + 4 = r + 6 = r + 2E.

So only k = 3 needs attention. Let a < b < c be the three generators with u ≥ 2. Then the
three doubles 2a, 2b, 2c already account for all three nongenerator points up to n. Hence uc ≤ 2.
Also ua, ub ≤ 3: if some ug ≥ 4, then 4g ≤ n is a nongenerator point which is not a double, by
(F3), contradiction. Thus

r∑
i=1

ui ≤ (r − 3) · 1 + 3 + 3 + 2 = r + 5 < r + 6.

Assume next that E = 4. If k ≤ 2, then
r∑

i=1
ui ≤ (r − 2) · 1 + 5 + 5 = r + 8 = r + 2E.

12



If k = 4, let a < b < c < d be the four generators with u ≥ 2. Their doubles exhaust all four
nongenerator points, so ud ≤ 2, while ua, ub, uc ≤ 3 by the same 4g-argument as above. Hence

r∑
i=1

ui ≤ (r − 4) · 1 + 3 + 3 + 3 + 2 = r + 7 < r + 8.

It remains to treat E = 4 and k = 3. Let a < b < c be the three generators with u ≥ 2.
Then the nongenerator points are

2a, 2b, 2c, z

for one further point z.
We claim that ua ≤ 4. Otherwise ua ≥ 5, so 3a, 4a, 5a ≤ n are three nongenerator points.

Since 4a is not a double, and only one nongenerator point lies outside {2a, 2b, 2c}, both 3a and
5a must be doubles. Necessarily

3a = 2b, 5a = 2c.

Then n ≥ 2c = 5a, so
3b = 9a

2 ≤ n.

Moreover
2a < 2b = 3a < 4a < 3b < 2c = 5a,

so 3b is a second nongenerator point outside the doubles, contradiction. Hence ua ≤ 4.
Next, ub ≤ 3. Indeed, if ub ≥ 4, then also ua ≥ 4, so 4a and 4b are two distinct nongenerator

points outside the doubles, contradicting the uniqueness of z. Therefore uc ≤ ub ≤ 3, and
r∑

i=1
ui ≤ (r − 3) · 1 + 4 + 3 + 3 = r + 7 < r + 8.

Assume finally that E = 5. If k ≤ 2, then
r∑

i=1
ui ≤ (r − 2) · 1 + 6 + 6 = r + 10 = r + 2E.

If k = 5, let a1 < · · · < a5 be the five generators with u ≥ 2. Their doubles already account
for all five nongenerator points. Hence ua5 ≤ 2, and ua1 , . . . , ua4 ≤ 3 by (F3). Therefore

r∑
i=1

ui ≤ (r − 5) · 1 + 3 + 3 + 3 + 3 + 2 = r + 9 < r + 10.

If k = 4, write the four relevant generators as a < b < c < d. Then the nongenerator set has
the form

2a, 2b, 2c, 2d, z.

We first claim that ua ≤ 5. Otherwise ua ≥ 6, so 3a, 4a, 5a, 6a ≤ n are four nongenerator points.
Since only one point lies outside the doubles, at least three of them would have to be doubles.
But 4a and 6a are not doubles, by (F3), contradiction. Hence ua ≤ 5.

Next, ub ≤ 3: if ub ≥ 4, then also ua ≥ 4, so 4a and 4b are two distinct nongenerator points
outside the doubles, again contradicting the uniqueness of z. Therefore

r∑
i=1

ui ≤ (r − 4) · 1 + 5 + 3 + 3 + 3 = r + 10.
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The last remaining case is E = 5 and k = 3. Let a < b < c be the three generators with
u ≥ 2. Then the nongenerator set is

2a, 2b, 2c, z1, z2.

If uc ≥ 4, then 4a, 4b, 4c ≤ n are three distinct nongenerator points outside the doubles,
impossible. So uc ≤ 3.

We also claim ub ≤ 4. Suppose for contradiction that ub ≥ 5. Then also ua ≥ 5, so 4a, 4b ≤ n.
By (F3) these are two distinct nongenerator points outside the doubles 2a, 2b, 2c; since there are
only two such points, they must be exactly z1, z2. Hence every other nongenerator point up to n
must lie in

{2a, 2b, 2c, 4a, 4b}.

In particular, the proper multiples 3b and 5b belong to this set. Since 3b, 5b > 2b, neither can
equal 2a or 2b, and clearly 5b ≠ 4a, 4b; therefore 5b = 2c. Also 3b ≠ 4b, and 3b ̸= 2c because
2c = 5b > 3b. Thus 3b = 4a, so b = 4

3a. Consequently

n ≥ 5b = 20
3 a > 6a,

and hence 6a ≤ n. Now 6a is a nongenerator point, and by (F3) it is not a double; moreover
6a ≠ 4a, 4b because 4b = 16

3 a. This gives a third nongenerator point outside the doubles,
contradiction. Thus ub ≤ 4.

Finally ua ≤ 6 by (F2). Hence

r∑
i=1

ui ≤ (r − 3) · 1 + 6 + 4 + 3 = r + 10 = r + 2E.

Thus (8) holds in every case E ≤ 5. By proposition 5.1, this proves the theorem.

Corollary 5.3 (The layers fA(n) ≤ 9 are completely resolved). If A is finite and fA(n) ≤ 9,
then for every m > n ≥ max A,

DA(m) < 2DA(n).

Proof. Let r := |Amin|. If r ≤ 3, apply corollary 4.7. Otherwise r ≥ 4, so

fA(n) − r ≤ 9 − 4 = 5,

and theorem 5.2 applies.

Remark 5.4. The first unresolved low layer is fA(n) = 10. Among those, every case with
|Amin| ≠ 4 is already covered by the present arguments, so the only genuinely new layer-10
configurations have primitive reduction of size 4.

6 Further exact reformulations in the sparse regime
Let G = Amin and write r := |G|.

Proposition 6.1 (The dense case is automatic). If DA(n) ≥ 1
2 , then for every m > n one has

DA(m) < 2DA(n).

Proof. Since 1 /∈ G, not every positive integer belongs to BA, so DA(m) < 1 for every m. If
DA(n) ≥ 1/2, then 2DA(n) ≥ 1, and hence DA(m) < 1 ≤ 2DA(n).
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Thus the remaining difficulty lies entirely in the sparse regime

DA(n) <
1
2 . (9)

Set
µG :=

∑
g∈G

1
g

.

Lemma 6.2 (Strict reciprocal majorant). Let G be finite and primitive, and let

µG :=
∑
g∈G

1
g

.

For every x ≥ 1 one has
DG(x) ≤ µG.

Moreover, if |G| ≥ 2, then in fact

DG(x) < µG (x ≥ 1),

while if G = {g} is a singleton, equality holds if and only if g | x.

Proof. Always

DG(x) = 1
x

∣∣∣∣∣∣
⋃

g∈G

(gN ∩ [1, x])

∣∣∣∣∣∣ ≤
∑
g∈G

⌊x/g⌋
x

≤
∑
g∈G

1
g

= µG.

If G = {g}, then equality is exactly the condition ⌊x/g⌋ = x/g, that is, g | x.
Assume now that |G| ≥ 2. If some g ∈ G satisfies g > x, then ⌊x/g⌋ = 0 < x/g, so the

second displayed inequality is strict. Otherwise every g ∈ G is at most x. If equality held, then
equality in the second displayed inequality would force g | x for every g ∈ G. Choosing distinct
g, h ∈ G, we would then have lcm(g, h) | x, hence lcm(g, h) ≤ x; but the integer lcm(g, h) is
counted at least twice in the sum

∑
g∈G ⌊x/g⌋ and only once in the union, contradicting equality

in the first displayed inequality. Therefore DG(x) < µG for every x ≥ 1 when |G| ≥ 2.

Lemma 6.3 (Single-time reduction). If

DA(n) ≥ µG

2 ,

then (1) holds for every m > n.

Proof. If |G| = 1, write G = {g}. The hypothesis DA(n) ≥ µG/2 = 1/(2g) forces ⌊n/g⌋ ≥ 1,
hence n ≥ g, and theorem 3.1 gives the result. Assume therefore that |G| ≥ 2. Since BA = BG,
lemma 6.2 gives

DA(m) = DG(m) < µG ≤ 2DA(n).
This is exactly (1).

We now isolate an exact combinatorial inequality which would settle the sparse regime.

Definition 6.4. For x ≤ n define the incidence degree

degG(x) := #{g ∈ G : g | x}.

Let
IG(n) :=

∑
g∈G

⌊
n

g

⌋
=
∑
x≤n

degG(x), Nnb(n) := fA(n) − r,

and
DupG(n) :=

∑
x≤n

degG(x)≥1

(degG(x) − 1) = IG(n) − fA(n).
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Proposition 6.5 (Exact sparse bottleneck). The inequality

IG(n) + r ≤ 2fA(n) (10)

is equivalent to each of the following:

DupG(n) ≤ Nnb(n), (11)∑
x≤n

degG(x)≥1

degG(x) ≤ 2fA(n) − r. (12)

Moreover, if (10) holds, then (1) holds for every m > n.

Proof. Since DupG(n) = IG(n) − fA(n) and Nnb(n) = fA(n) − r,

IG(n) + r ≤ 2fA(n) ⇐⇒ IG(n) − fA(n) ≤ fA(n) − r ⇐⇒ DupG(n) ≤ Nnb(n).

This proves the equivalence of (10) and (11); the equivalence with (12) is immediate from
IG(n) =

∑
x≤n degG(x).

Finally,
µG ≤

∑
g∈G

⌊n/g⌋ + 1
n

= IG(n) + r

n
,

so (10) implies µG ≤ 2fA(n)/n = 2DA(n). Now lemma 6.3 applies.

The first refinement records the overlap layers themselves.

Definition 6.6. For k ≥ 1 define

Dk(G) := {lcm(S) : S ⊆ G, |S| = k + 1}.

Proposition 6.7 (Derived overlap decomposition). For every k ≥ 1,

fDk(G)(n) = #{x ≤ n : degG(x) ≥ k + 1}.

Consequently,
DupG(n) =

∑
k≥1

fDk(G)(n),

where the sum is finite.

Proof. An integer x ≤ n is counted by fDk(G)(n) if and only if it is divisible by lcm(S) for
some (k + 1)-subset S ⊆ G, equivalently if and only if every element of S divides x, that is,
degG(x) ≥ k + 1. This proves the first identity.

Now for each x ≤ n one has

(degG(x) − 1)+ =
∑
k≥1

1degG(x)≥k+1,

so summing over x ≤ n gives

DupG(n) =
∑
x≤n

(degG(x) − 1)+ =
∑
k≥1

#{x ≤ n : degG(x) ≥ k + 1} =
∑
k≥1

fDk(G)(n).

The sum is finite because Dk(G) = ∅ for k ≥ r.

Corollary 6.8 (Triple-free criterion). If every x ≤ n is divisible by at most two generators from
G — equivalently, if

lcm(g, h, ℓ) > n for all distinct g, h, ℓ ∈ G,

— then (10) holds. Consequently (1) holds for every m > n.
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Proof. Under the hypothesis, degG(x) ≤ 2 for every x ≤ n. Hence
DupG(n) = #{x ≤ n : degG(x) = 2}.

Every such point is a nongenerator point, so DupG(n) ≤ Nnb(n). By proposition 6.5, (10) follows,
and therefore so does (1).

The following order-slack identity is another exact reformulation of (10).
Proposition 6.9 (Order-slack identity). Fix an ordering G = {g1, . . . , gr}. Define

νi :=
⌊

n

gi

⌋
, τi := #

(
giN ∩ [1, n] \

⋃
j<i

gjN
)
.

Then
IG(n) =

r∑
i=1

νi, fA(n) =
r∑

i=1
τi,

and
2fA(n) − IG(n) − r =

r∑
i=1

(2τi − νi − 1). (13)

In particular, if there exists an ordering with

τi ≥ νi + 1
2 (1 ≤ i ≤ r),

then (1) holds.
Proof. The first two identities are definitions. Summing them yields (13). If each summand on
the right-hand side is nonnegative, then (10) holds, and proposition 6.5 finishes the proof.

The local terms τi themselves admit an exact quotient-space description.
Proposition 6.10 (Compressed predecessor formula). In the notation of proposition 6.9, define

Pi :=
{

gj

gcd(gj , gi)
: 1 ≤ j < i

}
.

Then
τi = νi − fPi(νi) (1 ≤ i ≤ r).

Consequently,

2fA(n) − IG(n) − r =
r∑

i=1
(νi − 2fPi(νi) − 1) .

Proof. Every multiple of gi up to n has the form git with 1 ≤ t ≤ νi. For j < i,

gj | git ⇐⇒ gj

gcd(gj , gi)
| t.

Thus git is already covered by some earlier generator if and only if t ∈ BPi . The uncovered
multiples of gi are therefore exactly the t ≤ νi outside BPi , so

τi = νi − fPi(νi).
Substituting this into (13) yields the second identity.

Conjecture 6.11 (Sparse order-slack conjecture). For every primitive G and every n ≥ max G
satisfying (9), there exists an ordering of G for which the total slack in (13) is nonnegative.
Equivalently, (10) should hold throughout the sparse regime.

By proposition 6.10, this can be rephrased as the existence of an ordering for which
r∑

i=1
(νi − 2fPi(νi) − 1) ≥ 0.

By propositions 6.1 and 6.5, conjecture 6.11 would imply the full Erdős inequality (1).

17



7 Barriers, corrections, and the next local bottleneck
We now record the first places where the split-transport approach fails, and explain what survives.

Proposition 7.1 (Singleton split doubling already fails for two tails). Let d = 5, V = {2, 3},
n = 24, and m = 35. Then

F5|V (35)
35 > 2

F5|V (24)
24 .

In particular, the singleton split inequality fails already for tail-size 2.

Proof. By inclusion–exclusion,

F5|{2,3}(24) =
⌊24

5

⌋
−
⌊24

10

⌋
−
⌊24

15

⌋
+
⌊24

30

⌋
= 1,

while
F5|{2,3}(35) =

⌊35
5

⌋
−
⌊35

10

⌋
−
⌊35

15

⌋
+
⌊35

30

⌋
= 3.

Therefore
F5|{2,3}(35)

35 = 3
35 >

2
24 = 2

F5|{2,3}(24)
24 .

Thus the naive idea of proving pair-vs-two-tail inequalities by decomposing into singleton-vs-
two-tail terms is invalid.

Proposition 7.2 (Largest-divisor singleton classes can attain the factor 2). Let

d := 2, V := {p ≤ 97 : p odd prime}.

Then with n = 198 and m = 396 one has
F2|V (396)

396 = 2
F2|V (198)

198 .

Proof. If 2u ≤ 198 and no odd prime ≤ 97 divides 2u, then the odd part u has no odd prime
factor at most 97. Since u ≤ 99, this forces u = 1. Thus the surviving even integers up to 198
are precisely

2, 4, 8, 16, 32, 64, 128,

so F2|V (198) = 7.
Similarly, if 2u ≤ 396 and no odd prime ≤ 97 divides 2u, then every odd prime factor of

u exceeds 97. Because u ≤ 198, the odd part u is either 1 or an odd prime between 101 and
197; a composite odd u with all prime factors > 97 would satisfy u > 972 > 198. Therefore the
surviving even integers up to 396 are the eight powers

2, 4, 8, 16, 32, 64, 128, 256

together with the numbers 2p for odd primes

101 ≤ p ≤ 197.

There are 20 such primes, so F2|V (396) = 8 + 20 = 28. Hence

F2|V (396)
396 = 28

396 = 14
198 = 2 · 7

198 = 2
F2|V (198)

198 .

The preceding example shows that summing largest-divisor singleton classes cannot by itself
prove the strict inequality (1).

The correct surviving transport target is therefore still the pair-tail conjecture conjecture 4.8.
Its first unresolved case is the pair-vs-two-tail problem.
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Proposition 7.3 (Exact pair-vs-two-tail recursion). Let 2 ≤ a < b < c < h be primitive. Define

P (x) := Fa,b|{c}(x),

a′ := a

gcd(a, h) , b′ := b

gcd(b, h) , c′ := c

gcd(c, h) ,

Q(y) := Fa′,b′|{c′}(y).

Then for every x ≥ 1,
Fa,b|{c,h}(x) = P (x) − Q

(⌊
x

h

⌋)
.

Consequently, if
s :=

⌊
n

h

⌋
, t :=

⌊
m

h

⌋
,

then
Fa,b|{c,h}(m)

m
< 2

Fa,b|{c,h}(n)
n

is equivalent to
2P (n)

n
− P (m)

m
> 2Q(s)

n
− Q(t)

m
.

Proof. The first statement is Proposition 4.2 applied with U = {a, b} and V = {c, h}. The
displayed equivalence is immediate after dividing the identity by m and n at x = m and
x = n.

Lemma 7.4 (A parent one-tail margin). Let 2 ≤ a < b < c be primitive, and put P (x) :=
Fa,b|{c}(x). Let E1(n) be the number of x ≤ n which are divisible by exactly one of a, b and not
by c, and let E2(n) be the number of x ≤ n divisible by both a and b and not by c. Then for
every m > n ≥ c,

2P (n)
n

− P (m)
m

>
E1(n) − 2

n
+ E2(n) − 2

m
.

Proof. Define
A(x) :=

⌊
x

a

⌋
−
⌊

x

[a, c]

⌋
, B(x) :=

⌊
x

b

⌋
−
⌊

x

[b, c]

⌋
,

and
C(x) :=

⌊
x

[a, b]

⌋
−
⌊

x

[a, b, c]

⌋
.

Then
P (x) = A(x) + B(x) − C(x).

Applying the first inequality of lemma 4.3 to (d, e) = (a, c) and (d, e) = (b, c) gives

A(m)
m

<
A(n) + 1

n
+ 1

m
,

B(m)
m

<
B(n) + 1

n
+ 1

m
.

Also C(m) ≥ C(n), so
P (m)

m
<

A(n) + B(n) + 2
n

+ 2 − C(n)
m

.

Now A(n) + B(n) = E1(n) + 2E2(n) and C(n) = E2(n), while P (n) = E1(n) + E2(n). Therefore

2P (n)
n

− P (m)
m

> 2E1(n) + E2(n)
n

− E1(n) + 2E2(n) + 2
n

− 2 − E2(n)
m

= E1(n) − 2
n

+ E2(n) − 2
m

,

as claimed.
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Proposition 7.5 (A sufficient exact-one criterion for pair-vs-two-tail). Let 2 ≤ a < b < c < h
be primitive, and keep the notation of Proposition 7.3. Write

qh(n) := Q

(⌊
n

h

⌋)
= #

(
hN ∩ ((aN ∪ bN) \ cN) ∩ [1, n]

)
.

If
E1(n) ≥ 2qh(n) + 3, (14)

then
Fa,b|{c,h}(m)

m
< 2

Fa,b|{c,h}(n)
n

(m > n ≥ h).

Proof. Set q := qh(n) = Q(s), where s = ⌊n/h⌋ and t = ⌊m/h⌋. If q = 0, then Q(s) = 0 and
hence

2Q(s)
n

− Q(t)
m

≤ 0.

By theorem 4.5,
2P (n)

n
− P (m)

m
> 0,

so Proposition 7.3 gives the conclusion.
Assume now that q ≥ 1. Since Q is nondecreasing, Q(t) ≥ q, and therefore

2Q(s)
n

− Q(t)
m

≤ q

( 2
n

− 1
m

)
.

On the other hand, by lemma 7.4 and (14),

2P (n)
n

− P (m)
m

>
2q + 1

n
+ E2(n) − 2

m
.

Subtracting the previous upper bound yields(
2P (n)

n
− P (m)

m

)
−
(

2Q(s)
n

− Q(t)
m

)
>

1
n

+ E2(n) + q − 2
m

.

Since q ≥ 1 and E2(n) ≥ 0, the right-hand side is positive. Now Proposition 7.3 finishes the
proof.

Remark 7.6 (Computational evidence for the two-tail bottleneck). We found no instance, in
exhaustive searches over primitive quadruples 2 ≤ a < b < c < h ≤ 60 and all tested n ≤ 250
with qh(n) > 0, in which (14) held but the conclusion of Proposition 7.5 failed. We also found
no counterexample to the full pair-vs-two-tail inequality in exhaustive searches over primitive
quadruples with h ≤ 24 and all m > n ≥ h with m ≤ 100. These computations are only
experimental, but they strongly suggest that the pair-vs-two-tail problem is the correct next
local target.

Remark 7.7 (The corrected frontier). The singleton split route fails already for two tails by
Proposition 7.1, while the pair-vs-one-tail theorem (Theorem 4.5) is fully proved. Thus the
first unresolved local transport layer is the pair-vs-two-tail problem, not the pair-vs-three-tail
problem. In view of Proposition 4.9, any proof of pair-vs-tail split doubling for all tails would
settle the full Erdős inequality. A complementary asymptotic route for general pair-tail systems
is developed in section 8.

8 Quotient tails, overlap graphs, and a finite-window criterion
We now recast the pair-tail problem in terms of quotient tails. This allows one to import
local-lemma and Janson-type technology into the density problem.
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8.1 Q-free counting functions and quotient tails

For a finite set Q ⊆ {1, 2, 3, . . . } define

AQ(y) := #{k ≤ y : q ∤ k for every q ∈ Q}.

By convention, if 1 ∈ Q then AQ ≡ 0. If 1 /∈ Q, inclusion–exclusion gives

AQ(y) =
∑
S⊆Q

(−1)|S|
⌊

y

lcm(S)

⌋
, lcm(∅) := 1,

and hence the natural density

δ(Q) := lim
y→∞

AQ(y)
y

=
∑
S⊆Q

(−1)|S|

lcm(S)

exists.
For a finite tail T ⊆ {2, 3, . . . } and d ≥ 2, define the raw quotient system

Q̃d(T ) :=
{

t

gcd(t, d) : t ∈ T

}
.

If 1 ∈ Q̃d(T ), set Qd(T ) := {1}. Otherwise let Qd(T ) be the primitive reduction of Q̃d(T ).

Lemma 8.1 (Quotient-tail formula). Let d ≥ 2 and let T ⊆ {2, 3, . . . } be finite. Then for every
x ≥ 1,

Fd|T (x) = AQd(T )

(⌊
x

d

⌋)
.

If moreover a < b < min T and ℓ := [a, b], then

Fa,b|T (x) = AQa(T )

(⌊
x

a

⌋)
+ AQb(T )

(⌊
x

b

⌋)
− AQℓ(T )

(⌊
x

ℓ

⌋)
.

Consequently the pair-tail density

δa,b|T := lim
x→∞

Fa,b|T (x)
x

exists and satisfies
δa,b|T = δ(Qa(T ))

a
+ δ(Qb(T ))

b
− δ(Qℓ(T ))

ℓ
.

Proof. An integer counted by Fd|T (x) has the form dk ≤ x and satisfies

t ∤ dk for every t ∈ T.

Equivalently,
t

gcd(t, d) ∤ k for every t ∈ T.

If 1 ∈ Q̃d(T ), then some t ∈ T divides d, and hence every multiple of d is excluded; both sides
are identically 0. Otherwise primitive reduction does not change the forbidden-multiples set,
and the first formula follows.

For the pair formula, use

Fa,b|T (x) = Fa|T (x) + Fb|T (x) − Fℓ|T (x),

where the last term removes the double count of integers divisible by both a and b. The density
identity follows by dividing by x and letting x → ∞.
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8.2 Overlap graphs and the polymer viewpoint

For finite Q ⊆ {2, 3, . . . } define the overlap graph G(Q) with vertex set Q, joining q, r ∈ Q
whenever gcd(q, r) > 1. If S ⊆ Q, we write G(Q)[S] for the induced subgraph.

Lemma 8.2 (Connected components factorize the lcm). Let 1 /∈ Q and let S ⊆ Q. If S1, . . . , Sm

are the vertex sets of the connected components of G(Q)[S], then the integers lcm(S1), . . . , lcm(Sm)
are pairwise coprime, and

lcm(S) =
m∏

i=1
lcm(Si).

Proof. If i ̸= j and some prime p divided both lcm(Si) and lcm(Sj), then p would divide some
q ∈ Si and some r ∈ Sj , forcing gcd(q, r) > 1 and therefore an edge between Si and Sj , a
contradiction. The displayed product formula is then immediate.

Remark 8.3 (Polymer interpretation). By inclusion–exclusion and lemma 8.2, δ(Q) is the
partition function of an abstract polymer gas on the connected subsets of G(Q), with polymer
activity

w(γ) := (−1)|γ|

lcm(γ) (∅ ≠ γ ⊆ Q, G(Q)[γ] connected).

This is the natural quotient-tail polymer model in the sense of Kotecký and Preiss [7]. The next
two propositions extract rigorous lower and upper bounds on δ(Q) from this viewpoint.

8.3 Cluster-expansion lower bounds and Janson upper bounds

For a graph G and a weight vector y = (yv)v∈V (G) with positive entries, write

YG(S; y) :=
∑
I⊆S

I independent in G

∏
v∈I

yv (S ⊆ V (G)).

Also let ΓG(v) and Γ+
G(v) := ΓG(v) ∪ {v} denote the open and closed neighborhoods of v in G.

Proposition 8.4 (Cluster-expansion lower bound for Q-free density). Let 1 /∈ Q, and let
G := G(Q) be the overlap graph. Suppose there are positive weights (yq)q∈Q such that

1
q

≤ yq

YG(Γ+
G(q); y)

(q ∈ Q). (15)

Then
δ(Q) ≥ 1

YG(Q; y) ≥
∏
q∈Q

(1 + yq)−1.

Proof. Let L := lcm(Q), and choose N uniformly from the residue classes modulo L. For each
q ∈ Q, let Eq be the event that q | N . Then

P(Eq) = 1
q

, P
( ⋂

q∈Q

Eq

)
= δ(Q).

Moreover, G(Q) is a dependency graph for the events {Eq : q ∈ Q}: if q is nonadjacent to every
element of R ⊆ Q, then gcd(q, lcm(R)) = 1, and the Chinese remainder theorem implies that Eq

is independent of the sigma-algebra generated by {Er : r ∈ R}.
Under (15), the cluster-expansion lemma in the form of Bissacot, Fernández, Procacci, and

Scoppola [4] (see also Harvey and Vondrák [5]) gives

P
( ⋂

q∈Q

Eq

)
≥ 1

YG(Q; y) .
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Since
YG(Q; y) ≤

∑
I⊆Q

∏
q∈I

yq =
∏
q∈Q

(1 + yq),

the second inequality follows.

For the upper bound we use Janson’s inequality. Define

M(Q) :=
∑
q∈Q

1
q

, ∆J(Q) := 1
2

∑
q,r∈Q

q ̸=r, gcd(q,r)>1

1
lcm(q, r) .

Proposition 8.5 (Janson upper bound for Q-free density). Let Q ⊆ {2, 3, . . . } be finite. Then

δ(Q) ≤ exp
(
−M(Q) + ∆J(Q)

)
.

Proof. Let

L := lcm(Q) =
t∏

i=1
pαi

i .

Choosing N uniformly modulo L is, by the Chinese remainder theorem, equivalent to choosing
independent uniform coordinates

(N1, . . . , Nt) ∈
t∏

i=1
Z/pαi

i Z.

For each q ∈ Q, write q =
∏t

i=1 p
βi(q)
i with 0 ≤ βi(q) ≤ αi. Then the event

Eq := {q | N}

is exactly the cylinder event that

Ni ≡ 0 (mod p
βi(q)
i ) for every i with βi(q) > 0.

Thus the family (Eq)q∈Q is realized on a product probability space with independent base
variables, which is exactly the setting of the standard product-space form of Janson’s inequality
[6]. Moreover, if gcd(q, r) = 1, then Eq and Er depend on disjoint prime-power coordinates and
are independent; if gcd(q, r) > 1, then

Eq ∩ Er = {lcm(q, r) | N},

so
P(Eq ∩ Er) = 1

lcm(q, r) .

Janson’s inequality therefore applies and yields

P
( ⋂

q∈Q

Eq

)
≤ exp

(
−µ + ∆

)
,

where
µ =

∑
q∈Q

P(Eq) = M(Q)

and
∆ = 1

2
∑

q,r∈Q
q ̸=r, gcd(q,r)>1

P(Eq ∩ Er) = 1
2

∑
q,r∈Q

q ̸=r, gcd(q,r)>1

1
lcm(q, r) = ∆J(Q).

Since the left-hand side is exactly δ(Q), the result follows.
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8.4 A split signed transport bound and the pair-tail finite-window criterion

For finite sets U, V ⊆ N define

L(U | V ) := {lcm(S ∪ T ) : ∅ ≠ S ⊆ U, T ⊆ V }

and
λ

U |V
d :=

∑
∅̸=S⊆U, T ⊆V
lcm(S∪T )=d

(−1)|S|+|T |+1 (d ∈ L(U | V )).

Set

δU |V :=
∑

d∈L(U |V )

λ
U |V
d

d
, W+(U | V ) :=

∑
λ

U|V
d

>0

λ
U |V
d , W−(U | V ) :=

∑
λ

U|V
d

<0

(−λ
U |V
d ).

Proposition 8.6 (Signed split transport). Let U, V ⊆ N be finite and let m > n ≥ 1. Then

FU |V (m)
m

− 2
FU |V (n)

n
≤ −δU |V + 2W+(U | V )

n
+ W−(U | V )

m

≤ −δU |V + 2W+(U | V ) + W−(U | V )
n

.

In particular, if η > 0 and δU |V ≥ η, then

n >
2W+(U | V ) + W−(U | V )

η
=⇒

FU |V (m)
m

< 2
FU |V (n)

n
(m > n).

Proof. By Lemma 4.1,

FU |V (x) =
∑

d∈L(U |V )
λ

U |V
d

⌊
x

d

⌋
= δU |V x −

∑
d∈L(U |V )

λ
U |V
d

{x

d

}
.

Dividing by x and subtracting twice the n-expression from the m-expression gives

FU |V (m)
m

− 2
FU |V (n)

n
= −δU |V +

∑
d∈L(U |V )

λ
U |V
d

( 2
n

{n

d

}
− 1

m

{m

d

})
.

If λ
U |V
d > 0, then the d-term is at most 2λ

U |V
d /n. If λ

U |V
d < 0, write λ

U |V
d = −µd with µd > 0;

then the d-term is
µd

( 1
m

{m

d

}
− 2

n

{n

d

})
≤ µd

m
.

Summing over positive and negative coefficients gives the first inequality, and the second follows
from m > n. The final implication is immediate.

Theorem 8.7 (Pair-tail finite-window criterion from quotient tails). Let a < b < min T , with
T ⊆ {2, 3, . . . } finite, and set ℓ := [a, b]. Let

Qa := Qa(T ), Qb := Qb(T ), Qℓ := Qℓ(T ).

Assume that 1 /∈ Qa ∪ Qb, and choose positive weight vectors y(a) = (y(a)
q )q∈Qa and y(b) =

(y(b)
q )q∈Qb

such that
1
q

≤ y
(a)
q

YG(Qa)(Γ+
G(Qa)(q); y(a))

(q ∈ Qa),
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1
q

≤ y
(b)
q

YG(Qb)(Γ+
G(Qb)(q); y(b))

(q ∈ Qb).

Define

Θ(Qℓ) :=

0, 1 ∈ Qℓ,

exp
(
−M(Qℓ) + ∆J(Qℓ)

)
, 1 /∈ Qℓ,

and
ηa,b|T := 1

a YG(Qa)(Qa; y(a))
+ 1

b YG(Qb)(Qb; y(b))
− Θ(Qℓ)

ℓ
.

If ηa,b|T > 0, then

n >
2W+({a, b} | T ) + W−({a, b} | T )

ηa,b|T
=⇒

Fa,b|T (m)
m

< 2
Fa,b|T (n)

n
(m > n).

Proof. By Lemma 8.1,
δa,b|T = δ(Qa)

a
+ δ(Qb)

b
− δ(Qℓ)

ℓ
.

Applying Proposition 8.4 to Qa and Qb, and Proposition 8.5 to Qℓ when 1 /∈ Qℓ (while δ(Qℓ) = 0
when 1 ∈ Qℓ), we obtain

δa,b|T ≥ ηa,b|T > 0.

Now apply Proposition 8.6 with U = {a, b} and V = T .

Remark 8.8 (Interpretation of the criterion). Theorem 8.7 isolates a precise asymptotic
obstruction. For a fixed pair-tail configuration, every failure of split doubling must lie in a finite
initial window unless the positive quotient systems Qa(T ) and Qb(T ) evade the cluster-expansion
corridor and the negative quotient system Qℓ(T ) simultaneously carries unusually large density.
In that sense, any infinite family of unresolved pair-tail configurations must eventually evade
the cluster-expansion corridor in at least one positive quotient tail while keeping the negative
quotient density large; heuristically, the remaining obstruction is a dense low-prime quotient
core.
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