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Abstract

Let A be a finite nonempty set of positive integers and define

By:={n>1:a|n for some a € A}, falz):=|Banll,zl, Da(z) =
We study the Erdos problem asking whether
D4s(m) < 2Da(n) (m >n > max A)

always holds. The constant 2 is best possible for singleton sets. We prove the conjectured
inequality in several substantial ranges. First, for each fixed finite A we obtain an explicit
signed lcm-weight criterion implying the inequality for all sufficiently large n, together with
a finite-window theorem for near-extremizers. Second, we introduce split counting functions

Fyw(z) == |(Bu \ Bv) N [1,4]|

and prove a one-tail split-doubling theorem for singleton classes, with a sharp edge-case
analysis, together with a pair-vs-one-tail theorem. As a consequence, the original Erdés
inequality holds whenever the primitive reduction of A has size at most 3. Third, we isolate
a union-bound reduction in the sparse regime and use it to prove a small-excess theorem: if
fa(n) — |Amin| <5, then Da(m) < 2D 4(n) for every m > n. In particular, all low layers
fa(n) <9 are completely resolved.

We also record an exact quotient recursion for split counts, a two-block decomposition
reducing the full problem to pair-vs-tail split inequalities, a derived overlap decomposition for
the sparse bottleneck, and a compressed-predecessor reformulation of the order-slack problem.
We then reformulate pair-tail systems through quotient tails and overlap graphs, obtaining
an explicit finite-window criterion from cluster-expansion lower bounds and Janson upper
bounds. Finally, we explain where the present local transport method breaks: singleton
split doubling already fails for two forbidden moduli, so the first unresolved local transport
problem is the pair-vs-two-tail case; we isolate a precise exact-one criterion which would
settle that case.
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1 Introduction

Let A C N be finite and nonempty. Write

x
Ba=UaN,  fa@=1Ban[Lall,  Daf =14
acA z
We consider the following multiples-version of an Erdés problem:
Da(m) < 2Da(n) (m >n > max A). (1)

The formulation above appears in Erdds’ 1966 paper [2] and in Guy’s collection [3]. We assume
throughout that A C {2,3,4,...};if 1 € A, then B4 = N and the problem is trivial. The empty
set is also trivial, so the only interesting case is a finite nonempty set A C {2,3,4,...}.

The constant 2 cannot be improved. Indeed, if A = {a}, n = 2a — 1, and m = 2a, then

Da(m) B 1/a o 1
Dam) ~ T2a—1) > o %

Our rigorous results are summarized below.
Theorem 1.1 (Summary of proved results). Let A C {2,3,...} be finite.

(a) Let Amin denote the primitive reduction of A. If |Amin| < 3, then (1) holds for every
m >n > maxA.

(b) If
fA(n) - |Amin’ < 5;

then (1) holds for every m > n > max A.
(c) If fa(n) <9, then (1) holds for every m > n > max A.

(d) Let L(A) be the set of distinct lem-values arising from nonempty subsets of A, and define

A
A = Z (—=1)Is1+1 04 = Z Fd
0£SCA deL(A)
lem(S)=d



Let
Wi(A):= 3 A, W_(4):= ) (=)
Ag>0 2g<0
If
AV, (A) + W_(A)
> )
04

n

then
D(m) <2Dy(n) (m >n).

(e) More generally, if 0 < e < d4, m >n, and

D4(m)
Da(n)

>2—¢,

then necessarily
2WL(A)+ W_(A)
< .
oq4—¢€

A further result, proved in section 8, gives an explicit finite-window criterion for pair-tail
split inequalities in terms of quotient-tail overlap graphs, cluster-expansion lower bounds, and a
Janson upper bound.

Several core ingredients below — the singleton theorem, the singleton-vs-one-tail theorem,
the dense case, and the union-bound reduction — were independently checked in Lean 4. Where
it clarifies the argument, we follow that proof structure.

In section 2 we record the exact signed lcm-transport identity and its large-n corollaries.
In section 3 we prove the singleton and reduced two-generator cases of (1). In section 4 we
introduce split counts Fyy, prove the split doubling theorem for singleton classes against one
forbidden modulus with a sharp edge-case analysis and for pairs against one forbidden modulus,
and deduce (1) for primitive sets of size at most 3. In section 5 we prove a general small-excess
theorem and resolve all layers f4(n) < 9. In section 6 we isolate an exact sparse combinatorial
bottleneck together with derived-overlap and compressed-predecessor reformulations. In section 7
we explain where the present local transport method stops, correct the naive singleton-tail route,
and isolate the pair-vs-two-tail bottleneck. Finally, in section 8 we reformulate pair-tail split
sets through quotient-tail systems and overlap graphs, and derive a cluster-style finite-window
criterion for pair-tail inequalities.

2 Primitive reduction and signed lcm transport

2.1 Primitive reduction

Lemma 2.1 (Primitive reduction). If a,b € A and a | b, then removing b from A does not
change Ba. Consequently every finite A has a unique inclusion-minimal subset Apin C A such
that

BA = BA7

min

and no two distinct elements of Amin divide one another.

Proof. If a | b, then bN C aN, so b is redundant in the union B4 = [J.c4 ¢cN. Repeating this
deletion finitely many times leaves exactly the elements of A that are minimal under divisibility.
Hence the resulting inclusion-minimal set is unique. O

We henceforth refer to Anin as the primitive reduction of A.



2.2 The lcm basis

For finite A write

L(A)={lem(S): 0 £SC A}, A= > (-DFF (der(a)).
(8

Grouping the usual inclusion—exclusion expansion by equal lcm-values gives the following exact
formula.

Lemma 2.2 (Inclusion—exclusion in the lem basis). For every finite A and every x > 1,
T
= 3 g
deL(A)
Consequently,
A
5,4 = Z Ed >0
deL(A)
1s the natural density of Ba, and
1
Da(z) =64+ 024 <$> .
Moreover,

ST g <29 -1
deL(A)

Proof. The first identity is inclusion—exclusion, grouped by common lecm. The density statement
follows by replacing each floor by its linear part. Finally,

> Ml Y or=2M-

deL(A) P£SCA

since each nonempty subset contributes one sign +1 to exactly one coefficient A4. O

2.3 Exact transport and large-n corollaries
Proposition 2.3 (Exact signed transport identity). Let m >n > 1. Then
2(n 1 m
Da(m) =2Da(n) = =0+ 3, )\d(n{d}_m{d})’
deL(A)

where {x} = x — | x| denotes the fractional part.

Proof. By lemma 2.2,

Daw)= ¥ o M e s 5, D
)

deL(A deL(A) deL(A) deL(A)
Subtracting 2D 4(n) from D 4(m) gives the stated formula. O
Define
Wi(A):= > A, W(A):= ) (=)
Ag>0 Aa<0

Then by lemma 2.2,

Wi(A)+W_o(A) = 3 |ng| <2M -1 (2)

dEL(A)

4



Proposition 2.4 (Signed transport upper bound). For every m >n > 1,

Da(m) —2Da(n) < =64 + 2W(4) + W-(4) < 4+ 2W,(A) + W,(A)'

Proof. From proposition 2.3, each term with Ay > 0 is at most 2\;/n, while each term with
Ad < 0, say A\g = —pg with pg > 0, is at most pg/m. Summing gives the first inequality; the
second follows from m > n. O

Corollary 2.5 (Explicit large-n criterion). If

s 2V ) W (4)
dA

then
D4(m) < 2Dy(n) (m >n).
In particular, by (2), the simpler sufficient condition
2(2141 —
n > 7(2 1)
oA
also implies (1).

Proof. Under the displayed hypothesis, proposition 2.4 gives D 4(m) — 2D 4(n) < 0. The second
claim follows from (2). O

Corollary 2.6 (Near-extremizers lie in a finite window). Fiz 0 < e < 4. If m >n > max A

and
DA('m)

DA(TL)

then necessarily

2WL(A) + W_(A)
(5,4 — & .

Proof. From the hypothesis and D4(n) < 1 we obtain

n <

Da(m) —2D4(n) > —eDa(n) > —e.
Together with proposition 2.4,

2 A _(A
o<y ATA WY

which rearranges to the stated bound. O

3 The tail-free singleton and two-generator cases

Theorem 3.1 (Singleton case). For every d > 2 and every m >n > d,
d d
mfd] _ n/d]

m n
Proof. Write v := |n/d] > 1. Then |m/d] /m < 1/d. Since n < d(u + 1),
|n/d] u 2u
2 =20 s
n n du+1)
If u > 2, then 2u/(u+ 1) > 1, so the right-hand side exceeds 1/d. If u =1, then d <n < 2d —1,
SO
In/d| 2 2 1
2———=—-2 -.
n n = 2d—1 ” d
Thus in all cases |m/d] /m < 2 |n/d] /n. O



Theorem 3.2 (Reduced two-generator case). Let 2 < a < b and assume a1b. Then for every
m>n>b,
|(aN UBN) N [1, m]| - 2|(aNu bN) N [1,n]|

m n

Proof. Set
n n n
ol B - B A
Then
[(@NUBN)N[L,n]|=v+w—mn.
Also
@NUBN) A [Lm]] _ mfa) +lm/b] 11
m - m “a b

Since v <nfa<v+1land w<n/b<w+1,

1 1 vr+1 w+1 vV+w+2
< + = .

a b n n n

So it suffices to prove
v+w+2<2(v+w-—n),

that is,
2<v+w-—2n. (3)

Let g := ged(a, b). Because a 1 b, one has a/g > 2, and therefore

lem(a,b) = ab _ b > 2b.
g g
Hence
<[] = 3]
Thus
1/+w—277>1/—|—w—2{ JG{V}/—i—l}

If v > 2, then (3) holds. If v = 1, then n < 2a < 2b, so w = 1 and therefore n = 0. Thus again
v+ w — 2n = 2. This proves the claim. O

4 Split transport, pair-vs-one-tail, and pair-tail reduction

4.1 Split counts and exact recursion

For finite sets U,V C N define

By:=JuN,  Fyy(z):=|(Bv\Byv)N[l,z]|.
uclU
When U = {d} we write Fyy, and when U = {a,b} we write Fj, jy .
We allow the value 1 to appear in quotient-recursion descendants. In particular, if 1 € V

then By = N and hence Fyyyy = 0. Overlaps between U and V' are also harmless: the definition
depends only on the unions By and By .

Lemma 4.1 (Split inclusion—exclusion). For all finite sets U,V C N and every x > 1,

Fyy(e)= 3 Y (=1l Lcm(iszuT)J '

0£SCU TCV



Proof. This is inclusion—exclusion for the event “some u € U divides” together with the exclusions
“no v € V divides”. O

Proposition 4.2 (Exact quotient recursion). Let U,V C N be finite and let h € V. Put
V.=V \{h} and

(h) ._ u_ (h) ._ v /}
Uy {gcd(u,h)'UEU}’ Vi {gcd(v,h)‘vev .
Then for every x > 1,
x
Fyy (z) = Fypy(2) — Fyoovm QhD :

Proof. Numbers counted by Fyy/(z) but not by Fy i (x) are precisely those n < x which are
divisible by some u € U, by no element of V', and also by h. Writing n = ht, the divisibility
condition w | ht is equivalent to u/ ged(u, h) | t, and similarly v { ht for v € V' is equivalent to
v/ ged(v, h) 1 t. This gives the second term. O

4.2 Singletons against one forbidden modulus

The Lean formalization naturally isolates the following refined one-tail estimate.

Lemma 4.3 (Uniform refined one-tail estimate). Let d,e > 2 and m >n > d. Then

Fyqey(m) _ Fyqey(n) +1 A Fyey(n) +2
m n m n '

Proof. If e | d, then Fy(y = 0 and there is nothing to prove. Assume therefore that e { d, and

I e e

Then Fyj(y(x) = |z/d| — |z/L] for every z.
Since m > n > d, one has

write

nU < (u+ 1)m,
because U < m/d and hence nU < nm/d < (u+ 1)m from n < d(u+1). Also m < (2+1)L, so

wm < w(Q+1)L = wQL +wL < nQ+n,

using n > wL. Hence
n{d > wm — n.

Subtracting gives
n(U—Q) < (u—w+1)m+n= (Fygy(n) +1)m +n.
Dividing by mn yields the first displayed inequality; the second follows from m > n. O
Theorem 4.4 (Singleton against one forbidden modulus). Let d,e > 2.
(i) Ife|d, then Fyyey = 0.
(ii) If et d, then for every m >n > d,

Fyqey(m) _ 2Fd|{e}(n)
m n




Proof. 1f e | d, then every multiple of d is also a multiple of e, so Fyjiy = 0.
Assume now that e t d. Write L = [d, e] = rd with » € N. Since L = d would imply e | d, we
have r > 2.

If n < L, then
m

Fyey(n) = {ZJ ; Fyqey(m) < {dJ ,

and the claim follows from theorem 3.1.
Assume now that n > L. By the second inequality in lemma 4.3,

Fyqey(m) - Fyqey(n) +2
m n '

If Fyjgey(n) > 2, then Fyrey(n) +2 < 2Fy¢01(n), and we are done.
It remains to treat the edge case Fyjic}(n) = 1. Since Fyj.} is nondecreasing and

L
Fypo(l) =7 —1=r—1,

we must have r = 2, so L = 2d. Moreover n < 3d, for otherwise
Fyjgey(n) = Fyjey(3d) =3 -1 =2,

contrary to Fyjg.y(n) = 1. Thus 2d < n < 3d.
If n <m < 3d, then Fy(y(m) =1, so

Fyey(m)

1 o Fgey ()
m m ’

2
< — =
n n

If m > 3d, write k := |m/d| > 3. Since L = 2d,
k
Fd|{e}(m) =k— {QJ .
If £ = 2s, then

Fyey(m) < 5
m — 2sd

2

<2
3d n’

_ 1.
2
If kK =2s+1, then
F,
aepm) s+l 2 2
m (2s+1)d = 3d n

because (s + 1)/(2s + 1) decreases for s > 1 and is maximal at s = 1. In all cases

Fyqey(m) 2 2Fd|{e}(n)

m n n

This proves the theorem. O

4.3 Pairs against one forbidden modulus

Theorem 4.5 (Pair against one forbidden modulus). Let 2 < a < b < ¢ and assume that a { b,
ate, and bfc. Then for every m >n > c,

Fa,b|{c} (m) < 2Fa,b\{c} (n)
m n '




Proof. Set
dg = [a, ], dy == [b, ],

wr=[2]-[z]. o= l-[3]

Thus A(z) counts multiples of a not divisible by ¢, and B(z) counts multiples of b not divisible
by c. One always has

and define

Fa,b\{c}(x) < A(:C) + B(%), (4)

because common multiples of a and b are counted twice on the right.
We split into two cases.

Case 1: n < min{dg, dp}. Then below n no multiple of ¢ can also be a multiple of a or b, so
Fopjter(n) = [(aNUBN) N [1,n]].

Also
Fypjrey(m) < |(aNUBN) N [1,m]].

Hence the claim follows from theorem 3.2.
Case 2: n > min{d,,dp}. By symmetry we may assume d, < dp, so n > dj.
Applying the first inequality of lemma 4.3 to (d,e) = (a, c) gives
A A 1 1 A 2
(m) _Am)+1 1 _AG)+2
m n m n

Applying the same lemma to (d,e) = (b, c) gives
B B 1 1 B 2
(m) _ B +1 1 _Blm)+2

(6)

m n m n

Let E1(n) be the number of z < n which are divisible by exactly one of a,b and not by ¢,
and let E2(n) be the number of x < n divisible by both a and b and not by ¢. Then

Fypiqey(n) = Ei(n) + E2(n), A(n) + B(n) = E1(n) + 2E3(n).

Combining (4), (5), and (6), we obtain

Fapyep(m) _ A(n) + B(n) +4 _, Fapey(n) _ En(n) —4
m n n n ’

Thus it remains to prove
Ey(n) > 4. (7)

Since a 1 ¢, one has

dg = [a,c] = > 2¢ > 2b.

a
¢ ged(a, ¢)
Because n > d,, the points a, b, 2a, 2b all lie in [1,n]. Now a and b are exact-one points. Also 2a
is exact-one: if b | 2a, then b = 2a, contradicting a t b; if ¢ | 2a, then ¢ = 2a, contradicting a | c.
Finally, 2b is not divisible by ¢, because ¢ > b and ¢ = 2b would imply b | c.

If a 1 2b, then 2b is also exact-one, and (7) is proved.

So assume a | 2b. Write

2b = ka, k> 3.

Then lem(a, b) = 20b.

If k£ > 4, then 3a < 2b = lem(a,b), so b{ 3a. Also b > 2a, hence ¢ > b > 2q; if ¢ | 3a, then
necessarily ¢ = 3a, contradicting a | ¢. Thus 3a is exact-one and c-free. Together with a,b,2a
this gives four exact-one points.



If k = 3, then 2b = 3a. We claim that 4a < n. Indeed, if d, = 3a, then ¢ | d, = 3a = 2b;
since ¢ > b, this forces ¢ = 2b, contradicting b | ¢. So d, > 4a, hence 4a < n. Moreover, b1 4a
because b = 3a/2, and if ¢ | 4a, then ¢ > b = 3a/2 forces ¢ = 2a or ¢ = 4a, both impossible
because then a | ¢. Thus 4a is exact-one and c-free. Again a, b, 2a, 4a yield four exact-one points.

This proves (7), and hence the theorem. O

4.4 Block decomposition and pair-tail reduction

Proposition 4.6 (Two-block decomposition). Let G = {g1 < g2 < --- < g,} be primitive. Put
s:=|r/2] and define
Rj:={g2j-1,92;} (1 <j<s),
and, for1 <j <s,
Tj = {92j+1,92j+25 - - - Gr }-

If r is even, then
S

Be = | |(Bg, \ Br;).
j=1

If r is odd, then

Bag = (|i| (BRj \BT])) U g-N.

j=1

In both cases the unions are disjoint.

Proof. Every integer x € B¢ is divisible by at least one generator. Let j be the unique largest
block index such that some element of R; divides z; if r is odd and g, | z, then x belongs to
the final singleton block. By construction, z lies in the corresponding displayed piece and in no
later piece. Conversely every displayed piece is contained in Bg. Hence the displayed unions are
exact and disjoint. O

Corollary 4.7 (Primitive sets of size at most three). If the primitive reduction Apin of A has
size at most 3, then (1) holds for every m > n > max A.

Proof. Replace A by G = Apin. If |G| = 1, this is theorem 3.1. If |G| = 2, this is theorem 3.2.
If |G| = 3, write

Be = (B{91792} \ B{gs}) U gsN
using proposition 4.6. Apply theorem 4.5 to the first piece and theorem 3.1 to the second.
Summing the two strict inequalities gives (1). O

Conjecture 4.8 (Pair-vs-tail split doubling). Let 2 < a < b and let V' C {2,3,4,...} be finite
with b < min V. Then for every m > n > max(V U {a, b}),

Fa,b|V(m) < 2Fa,b\\/(n)
m n

Proposition 4.9 (Reduction to the pair-tail conjecture). If conjecture 4.8 holds, then the
original Erdds inequality (1) holds for every finite A.

Proof. Let G = Apin = {01 < -+ < ¢r}, and write s := |r/2]. By proposition 4.6, Bg is a
disjoint union of the two-generator blocks Br; \ Br;, together with the final singleton block g,N
when r is odd.

For j < s, and also for j = s when r is odd, the tail 7} is nonempty and satisfies

max Rj = g2 < g2j+1 = minTj.

10



Hence the corresponding contribution is exactly Fg;|r; (z), and conjecture 4.8 gives its strict
density-doubling inequality.
If r is even, then T = @, so the last block is

Fr,z(z) =|Br,N[1, ]|

This block is handled by theorem 3.2. If r is odd, the final singleton block is handled by
theorem 3.1.
Summing the resulting strict inequalities over the disjoint blocks yields (1). O

5 Small excess and the layers fa(n) <9

The Lean formalization isolates the following general reduction, which packages the union bound
together with a weak singleton estimate.

Proposition 5.1 (Union-bound reduction). Let G = Apin = {91,...,9r}. If

T

3 m +r < 2fa(n),

i=1 -7
then for every m > n,

DA(m) < QDA(n).

Proof. Since By = Bg,
m

falm) < ; =,

gi

For each 1,

[m/gi] o1 _ In/gi] +1
m T g n ’

because |m/g;] < m/g; and n < g;(|n/g;] +1). Hence

Ll < ()

Summing over ¢ gives

o <nf 2] <m (2] ) -m($12] ).

gi
Under the displayed hypothesis, this is at most 2mf4(n), proving
nfa(m) < 2mfa(n),

which is equivalent to (1). O

Theorem 5.2 (Small excess theorem). Let G = Amin and write r := |G|. If
fA(n) - T S 57

then for every m > n > max A,
DA(m) < QDA(TL).

11



Proof. Write G = {g1 < --- < gr}, set

E = fa(n)—r, u; = {nJ (1<i<r),
9i
and let
k= #{i:u; >2}.
By proposition 5.1, it is enough to prove
T
Zui <r+2FE. (8)

i=1
We use three elementary facts.

(F1) Each index with w; > 2 contributes the distinct nongenerator point 2g; < n. Distinctness
is clear, and 2g; cannot itself be a generator because that would make g; divide another
element of GG. Hence k < E.

(F2) If uw; > E + 2, then 2g;,3gi, ..., (F + 2)g; give E + 1 distinct nongenerator points up to
n; none can be a generator because each is a proper multiple of g;. Thus u; < E + 1 for
every i.

(F3) No even multiple 2tg with ¢ > 2 can equal a double 2h of another generator: from 2tg = 2h
one gets h = tg, contradicting primitivity. In particular, numbers such as 4g, 6g, ... are
never doubles of generators.

If E =0, then k=0 by (F1), so every u; = 1, and (8) is immediate.
If E =1, then by (F1) at most one u; exceeds 1, and by (F2) all u; < 2. Hence

Zuz_ (r—1)-142=r4+1<r+2=r+2F.
If F =2, then at most two indices satisfy u; > 2, and all u; < 3. Therefore
Zul_ (r—2)-1+3+3=r+4=r+2E.
Assume now that £ = 3. If £ < 2, then
Z“%— (r—2)-14+4+4=r+6=r+2E.

So only k£ = 3 needs attention. Let a < b < ¢ be the three generators with v > 2. Then the
three doubles 2a, 2b, 2¢ already account for all three nongenerator points up to n. Hence u. < 2.
Also ug, up < 3: if some uy > 4, then 49 < n is a nongenerator point which is not a double, by
(F3), contradiction. Thus

Zuz_ 143434+2=r+5<r+6.
Assume next that £ = 4. If k < 2, then

Zuz_ r—2)-1+5+5=r+8=r+2E.

12



If k=4, let a < b < c <d be the four generators with u > 2. Their doubles exhaust all four
nongenerator points, so ug < 2, while ug, up, ue. < 3 by the same 4g-argument as above. Hence

Zuz_ 143+343+2=r+7<r+8

It remains to treat £ = 4 and k = 3. Let a < b < ¢ be the three generators with u > 2.

Then the nongenerator points are
2a, 2b, 2¢, z

for one further point z.

We claim that u, < 4. Otherwise u, > 5, so 3a,4a,5a < n are three nongenerator points.
Since 4a is not a double, and only one nongenerator point lies outside {2a, 2b, 2¢c}, both 3a and
5a must be doubles. Necessarily

3a = 2b, 5a = 2c.

Then n > 2¢ = ba, so

Bb:%gn.

Moreover
2a < 2b = 3a < 4a < 3b < 2¢ = ba,

so 3b is a second nongenerator point outside the doubles, contradiction. Hence u, < 4.
Next, up < 3. Indeed, if up > 4, then also u, > 4, so 4a and 4b are two distinct nongenerator
points outside the doubles, contradicting the uniqueness of z. Therefore u,. < u; < 3, and

Zul_ 1+44343=r+7<r+8
Assume finally that £ = 5. If £ < 2, then
Zul_ 1+6+6=7r+10=r+2F.

If k=5, let a; < --- < as be the five generators with u > 2. Their doubles already account
for all five nongenerator points. Hence uq, < 2, and ug,, ..., uq, < 3 by (F3). Therefore

Zu,_ 1+34+34+3+3+2=r+9<7r+10.

If k = 4, write the four relevant generators as a < b < ¢ < d. Then the nongenerator set has

the form
2a, 2b, 2¢, 2d, z.

We first claim that u, < 5. Otherwise u, > 6, so 3a, 4a, ba, 6a < n are four nongenerator points.
Since only one point lies outside the doubles, at least three of them would have to be doubles.
But 4a and 6a are not doubles, by (F3), contradiction. Hence u, < 5.

Next, up < 3: if up > 4, then also u, > 4, so 4a and 4b are two distinct nongenerator points
outside the doubles, again contradicting the uniqueness of z. Therefore

Zuz_ 145+343+3=r+10.
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The last remaining case is £ = 5 and k = 3. Let a < b < ¢ be the three generators with
u > 2. Then the nongenerator set is

2a, 2b, 2¢c, z1, 29.

If ue > 4, then 4a,4b,4c < n are three distinct nongenerator points outside the doubles,
impossible. So u. < 3.
We also claim u, < 4. Suppose for contradiction that u, > 5. Then also u, > 5, so 4a,4b < n.
By (F3) these are two distinct nongenerator points outside the doubles 2a, 2b, 2¢; since there are
only two such points, they must be exactly 21, zo. Hence every other nongenerator point up to n
must lie in
{2a,2b,2c,4a, 4b}.

In particular, the proper multiples 3b and 5b belong to this set. Since 3b,5b > 2b, neither can
equal 2a or 2b, and clearly 5b # 4a, 4b; therefore 5b = 2¢. Also 3b # 4b, and 3b # 2¢ because
2¢ = 5b > 3b. Thus 3b =4a, so b= %a. Consequently

2
n25b:§oa>6a,

and hence 6a < n. Now 6a is a nongenerator point, and by (F3) it is not a double; moreover
6a # 4a,4b because 4b = %a. This gives a third nongenerator point outside the doubles,
contradiction. Thus up < 4.

Finally u, < 6 by (F2). Hence

.
ui<(r—3)-146+4+3=r+10=r+2E.
=1

Thus (8) holds in every case E < 5. By proposition 5.1, this proves the theorem. O

Corollary 5.3 (The layers f4(n) <9 are completely resolved). If A is finite and fa(n) <9,
then for every m > n > max A,
DA(m) < QDA(n).

Proof. Let r := |Apn|. If 7 < 3, apply corollary 4.7. Otherwise r > 4, so
fa(n)—r<9—4=5,

and theorem 5.2 applies. 0

Remark 5.4. The first unresolved low layer is fa(n) = 10. Among those, every case with

|Amin| # 4 is already covered by the present arguments, so the only genuinely new layer-10

configurations have primitive reduction of size 4.

6 Further exact reformulations in the sparse regime

Let G = Apin and write r := |G].

Proposition 6.1 (The dense case is automatic). If Dy(n) > %, then for every m > n one has

Da(m) < 2D a(n).

Proof. Since 1 ¢ G, not every positive integer belongs to By, so Da(m) < 1 for every m. If
Da(n) > 1/2, then 2D 4(n) > 1, and hence D4(m) <1 <2D4(n). O
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Thus the remaining difficulty lies entirely in the sparse regime

Da(n) < % ()

Set

1
e =S L

gec 9
Lemma 6.2 (Strict reciprocal majorant). Let G be finite and primitive, and let
pe =y L
geG 9
For every x > 1 one has
Dg(x) < pg.
Moreover, if |G| > 2, then in fact
D¢g(z) < pa (x >1),
while if G = {g} is a singleton, equality holds if and only if g | .
Proof. Always

SZ lz/9] SZEZMG

X

1
Dg(z) = ~
L geG geG 9

U (eNN[L,2])

geG

If G = {g}, then equality is exactly the condition |z/g| = /g, that is, g | .

Assume now that |G| > 2. If some g € G satisfies g > z, then |z/g] = 0 < x/g, so the
second displayed inequality is strict. Otherwise every g € G is at most x. If equality held, then
equality in the second displayed inequality would force g | = for every g € G. Choosing distinct
g,h € G, we would then have lem(g, h) | =, hence lem(g,h) < x; but the integer lem(g, h) is
counted at least twice in the sum }° . [2/g] and only once in the union, contradicting equality
in the first displayed inequality. Therefore Dg(x) < ug for every x > 1 when |G| > 2. O

Lemma 6.3 (Single-time reduction). If
Da(n) = 1.

then (1) holds for every m > n.

Proof. 1f |G| = 1, write G = {g}. The hypothesis D4(n) > pug/2 = 1/(2g) forces |n/g| > 1,
hence n > g, and theorem 3.1 gives the result. Assume therefore that |G| > 2. Since B4 = Bg,
lemma 6.2 gives

Da(m) = Dg(m) < pg < 2Dy(n).

This is exactly (1). O
We now isolate an exact combinatorial inequality which would settle the sparse regime.

Definition 6.4. For x < n define the incidence degree

dego(z) :=#{g€ G:g|z}.

Let
Ion) =Y m — Y degg(z),  Nup(n) = fa(n) —r,
geG z<n
and
Dupg(n) == Y (degg(z) — 1) = Ig(n) — fa(n).
degz%g)zl
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Proposition 6.5 (Exact sparse bottleneck). The inequality
Ig(n) +r <2fa(n) (10)

is equivalent to each of the following:

Dupg(n) < Nyp(n), (11)
Y. degg(x) <2fa(n) —r. (12)
degz%g)zl

Moreover, if (10) holds, then (1) holds for every m > n.
Proof. Since Dupg(n) = Ig(n) — fa(n) and Nyp(n) = fa(n) —r,
Io(n) +r <2fa(n) <= Ig(n)— fa(n) < fa(n) —r <= Dupg(n) < Npp(n).

This proves the equivalence of (10) and (11); the equivalence with (12) is immediate from
Io(n) = Xp<y, degg ().

Finally,
n +1 Ig(n)+r
o< 3 Infal +1_ Tg(m)
geG n
so (10) implies pug < 2fa(n)/n =2D4(n). Now lemma 6.3 applies. O

The first refinement records the overlap layers themselves.

Definition 6.6. For £ > 1 define
Dr(G) :={lem(S) : S C G, |S| =k +1}.
Proposition 6.7 (Derived overlap decomposition). For every k > 1,

Ioue(n) = #{x <n:degg(r) > k+ 1}

Consequently,

Dupg(n) = > fp(c)(n),

k>1

where the sum is finite.

Proof. An integer x < n is counted by fp, () (n) if and only if it is divisible by lem(S) for
some (k + 1)-subset S C G, equivalently if and only if every element of S divides z, that is,
degs(x) > k + 1. This proves the first identity.

Now for each z < n one has

(degG(x) - 1)+ = Z 1degG(a:)2k+1a
E>1

so summing over x < n gives

Dupg(n) = > (degg(z) — 1)y = > #{z <n:degg(®) = k+1} =D fp, ) (n).

z<n k>1 k>1
The sum is finite because Di(G) = 0 for k > 7. O

Corollary 6.8 (Triple-free criterion). If every x < n is divisible by at most two generators from
G — equivalently, if

lem(g, h,f) >n for all distinct g, h,l € G,

— then (10) holds. Consequently (1) holds for every m > n.
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Proof. Under the hypothesis, deg(z) < 2 for every < n. Hence

Dupg(n) = #{z < n: degg(z) = 2}.
Every such point is a nongenerator point, so Dupg(n) < Nyb(n). By proposition 6.5, (10) follows,
and therefore so does (1). O

The following order-slack identity is another exact reformulation of (10).

Proposition 6.9 (Order-slack identity). Fiz an ordering G = {g1,...,gr}. Define

Vi = LZJ ; T = #(gz‘N N[1,n] \]ging)
Then , .
Ig(n) :ZW, fa(n) 227%
and - r -
2fa(n) — Ig(n) —r = Z;(% —vi—1). (13)

In particular, if there exists an ordering with

7'1'>Vi+1

then (1) holds.

Proof. The first two identities are definitions. Summing them yields (13). If each summand on

the right-hand side is nonnegative, then (10) holds, and proposition 6.5 finishes the proof. [
The local terms 7; themselves admit an exact quotient-space description.

Proposition 6.10 (Compressed predecessor formula). In the notation of proposition 6.9, define

gj . .
Pi=¢———:1<j<ip.

Then

Consequently,
2fa(n) = Ig(n) —r =Y (vi—2fp(vi) - 1).
i=1
Proof. Every multiple of g; up to n has the form g;¢t with 1 <t < ;. For j < i,
gj ‘
ged(g;, 9:)
Thus g;t is already covered by some earlier generator if and only if ¢ € Bp,. The uncovered
multiples of g; are therefore exactly the ¢ < v; outside Bp,, so

g; | git <=

7 = v — fp, ().

Substituting this into (13) yields the second identity. O

Conjecture 6.11 (Sparse order-slack conjecture). For every primitive G and every n > max G
satisfying (9), there exists an ordering of G for which the total slack in (13) is nonnegative.
Equivalently, (10) should hold throughout the sparse regime.

By proposition 6.10, this can be rephrased as the existence of an ordering for which

r

Z (Vi — 2fPi<Vi) - 1) > 0.

i=1
By propositions 6.1 and 6.5, conjecture 6.11 would imply the full Erdés inequality (1).
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7 Barriers, corrections, and the next local bottleneck

We now record the first places where the split-transport approach fails, and explain what survives.

Proposition 7.1 (Singleton split doubling already fails for two tails). Let d =5, V = {2, 3},
n =24, and m = 35. Then

Fy51/(35) Fy(24)
> 2 .
35 24
In particular, the singleton split inequality fails already for tail-size 2.

Proof. By inclusion—exclusion,
24 24 24 24
B = | 5| 55 - |55 + []

- [3]-[5]-[ 5] L3

Fy)12,33(35) 3 - 2 2F5|{2,3}(24)

L,

while

3.

Therefore
O

35 35 24 24
Thus the naive idea of proving pair-vs-two-tail inequalities by decomposing into singleton-vs-

two-tail terms is invalid.

Proposition 7.2 (Largest-divisor singleton classes can attain the factor 2). Let
d:=2, V:={p<97:p odd prime}.

Then with n = 198 and m = 396 one has
Fov(396) 2F2|V(198)

396 198

Proof. If 2u < 198 and no odd prime < 97 divides 2u, then the odd part w has no odd prime
factor at most 97. Since u < 99, this forces u = 1. Thus the surviving even integers up to 198
are precisely

2,4,8,16,32, 64,128,

so Foy(198) = 7.

Similarly, if 2u < 396 and no odd prime < 97 divides 2u, then every odd prime factor of
u exceeds 97. Because u < 198, the odd part u is either 1 or an odd prime between 101 and
197; a composite odd u with all prime factors > 97 would satisfy u > 972 > 198. Therefore the
surviving even integers up to 396 are the eight powers

2,4,8,16,32, 64,128, 256
together with the numbers 2p for odd primes
101 < p < 197.
There are 20 such primes, so Fy)1(396) = 8 + 20 = 28. Hence

Fo(396) 28 14 0 7 2F2|V(198) B
396 396 198 T 198 T 198
The preceding example shows that summing largest-divisor singleton classes cannot by itself
prove the strict inequality (1).
The correct surviving transport target is therefore still the pair-tail conjecture conjecture 4.8.

Its first unresolved case is the pair-vs-two-tail problem.
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Proposition 7.3 (Exact pair-vs-two-tail recursion). Let 2 < a < b < ¢ < h be primitive. Define

P(l’) = a,b\{c}(x)7

/ a / b ’ c

= b= ———— =
“ ged(a, h)’ ged(b, h)’ ¢ ged(c, h)’
Q(y) = Fa’,b’|{c’}(y)'
Then for every x > 1,

Futeny(s) = P@) - Q(| 7).

Consequently, if

then
Fypifeny(m) 2Fa,b|{c,h}(n)
m n
s equivalent to
P Plm) Q) Q).
n m n m

Proof. The first statement is Proposition 4.2 applied with U = {a,b} and V = {¢,h}. The
displayed equivalence is immediate after dividing the identity by m and n at z = m and
T =n. O

Lemma 7.4 (A parent one-tail margin). Let 2 < a < b < ¢ be primitive, and put P(x) :=
Fypjqey(x). Let Er(n) be the number of x < n which are divisible by ezactly one of a,b and not
by ¢, and let Es(n) be the number of x < n divisible by both a and b and not by c. Then for
every m >n > c,

P(n) P(m) - Ei(n) —2 N Es(n) — 2'

Proof. Define

and

cw =l leial

P(z) = A(z) + B(z) — C(z).
Applying the first inequality of lemma 4.3 to (d,e) = (a,c) and (d,e) = (b, c) gives

Then

A(m) - A(n) +1 n l7 B(m) - B(n)+1 N l
m n m m n m

P(m) - A(n)+ B(n) + 2 n 2 — C’(n)
Now A(n)+ B(n) = E1(n)+2E3(n) and C(n) = E3(n), while P(n) = E1(n) + E2(n). Therefore

P(n) P(m) - 2E1(n) + Ez(n)  Ei(n) +2E3(n)+2 2 - Ey(n)
El(z) -2 N E2(7:r)L— 2

I

as claimed. O
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Proposition 7.5 (A sufficient exact-one criterion for pair-vs-two-tail). Let 2 <a<b<c<h
be primitive, and keep the notation of Proposition 7.3. Write

an(n) = Q(m) — 4(hNN (N UBN) \ eN) A [1, ).
If
Eq(n) = 2qp(n) + 3, (14)
then
Fa,b|{c,h} (m) < 2Fa,b|{c,h} (TL) (m > > h)
m n o
Proof. Set q := qn(n) = Q(s), where s = |n/h] and t = |m/h]. If ¢ = 0, then Q(s) = 0 and
hence
Q) Q0 _,
n m
By theorem 4.5,
QM — —P(m) >0,
n m

so Proposition 7.3 gives the conclusion.
Assume now that ¢ > 1. Since @ is nondecreasing, Q(t) > ¢, and therefore

Q) Q0 (2 1y

n m n m

On the other hand, by lemma 7.4 and (14),

P _
(n)  P(m) - 2q+1 n Es(n) 2'
n m n m

2

Subtracting the previous upper bound yields

(5200 Py (,Q0) QWY 1, B ba2

n m

n m

> — +

n m
Since ¢ > 1 and F3(n) > 0, the right-hand side is positive. Now Proposition 7.3 finishes the
proof. O

Remark 7.6 (Computational evidence for the two-tail bottleneck). We found no instance, in
exhaustive searches over primitive quadruples 2 < a < b < ¢ < h < 60 and all tested n < 250
with gn(n) > 0, in which (14) held but the conclusion of Proposition 7.5 failed. We also found
no counterexample to the full pair-vs-two-tail inequality in exhaustive searches over primitive
quadruples with h < 24 and all m > n > h with m < 100. These computations are only
experimental, but they strongly suggest that the pair-vs-two-tail problem is the correct next
local target.

Remark 7.7 (The corrected frontier). The singleton split route fails already for two tails by
Proposition 7.1, while the pair-vs-one-tail theorem (Theorem 4.5) is fully proved. Thus the
first unresolved local transport layer is the pair-vs-two-tail problem, not the pair-vs-three-tail
problem. In view of Proposition 4.9, any proof of pair-vs-tail split doubling for all tails would
settle the full Erdés inequality. A complementary asymptotic route for general pair-tail systems
is developed in section 8.

8 Quotient tails, overlap graphs, and a finite-window criterion

We now recast the pair-tail problem in terms of quotient tails. This allows one to import
local-lemma and Janson-type technology into the density problem.
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8.1 Q-free counting functions and quotient tails

For a finite set @ C {1,2,3,...} define

Ag(y) == #{k <y :qtk for every ¢ € Q}.

By convention, if 1 € @ then Ag =0. If 1 ¢ Q, inclusion—exclusion gives

Agly) = ¥ (-0 || om0y =1,

scQ

and hence the natural density

exists.
For a finite tail ' C {2,3,...} and d > 2, define the raw quotient system

Qu(T) := {gcd(tt,d) :tGT}.

If 1 € Qq(T), set Qq(T) := {1}. Otherwise let Qq(T) be the primitive reduction of Qg(T).
Lemma 8.1 (Quotient-tail formula). Let d > 2 and let T C {2,3,...} be finite. Then for every

z>1,
Fyr(z) = AQd(T)QZJ) :

If moreover a < b < minT and ¢ := [a,b], then

e~ taan([2]) A [3])  n[2])

Consequently the pair-tail density

exists and satisfies

5a,b|T =
Proof. An integer counted by Fyr(x) has the form dk < z and satisfies
t{dk foreveryteT.

Equivalently,
t

— 1tk A tefT.
wed (. d) 1 or every
If1e @d(T), then some ¢ € T divides d, and hence every multiple of d is excluded; both sides
are identically 0. Otherwise primitive reduction does not change the forbidden-multiples set,
and the first formula follows.
For the pair formula, use

Fopr(z) = Fyr(z) + Fyr(z) — Fyr(x),

where the last term removes the double count of integers divisible by both a and b. The density
identity follows by dividing by z and letting x — oo. O
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8.2 Overlap graphs and the polymer viewpoint

For finite @ C {2,3,...} define the overlap graph G(Q) with vertex set @, joining ¢,r € Q
whenever ged(q,r) > 1. If S C Q, we write G(Q)[S] for the induced subgraph.

Lemma 8.2 (Connected components factorize the lem). Let 1 ¢ @ and let S C Q. If S1,...,Sn
are the vertex sets of the connected components of G(Q)[S], then the integerslem(S1), ..., lem(Sy,)
are pairwise coprime, and

lem(S) = H lem(S;)
i=1

Proof. 1f i # j and some prime p divided both lem(S;) and lem(S;), then p would divide some
g € S; and some r € S;, forcing ged(g,r) > 1 and therefore an edge between S; and Sj, a
contradiction. The displayed product formula is then immediate. ]

Remark 8.3 (Polymer interpretation). By inclusion-exclusion and lemma 8.2, §(Q) is the
partition function of an abstract polymer gas on the connected subsets of G(Q), with polymer

activity
(—1)1!

lem(y)

This is the natural quotient-tail polymer model in the sense of Kotecky and Preiss [7]. The next
two propositions extract rigorous lower and upper bounds on §(Q) from this viewpoint.

(0 #~CQ, G(Q)[y] connected).

8.3 Cluster-expansion lower bounds and Janson upper bounds

For a graph G and a weight vector y = (yy)vev(g) with positive entries, write
Yo (Siy) = > [Ty (ScCV(G).

ICS vel
I independent in G

Also let T'(v) and T'5(v) := I'(v) U {v} denote the open and closed neighborhoods of v in G.

Proposition 8.4 (Cluster-expansion lower bound for Q-free density). Let 1 ¢ Q, and let
G := G(Q) be the overlap graph. Suppose there are positive weights (y,)qecq such that

[

Yq
p < Y@ y) (g €Q). (15)

Then

5(Q) > > [T+

YG(Qv y) 7€Q

Proof. Let L :=lem(Q), and choose N uniformly from the residue classes modulo L. For each
q € Q, let E; be the event that ¢ | N. Then

P(E,) = -, P(ﬂ Fq) -

q q€Q

Moreover, G(Q) is a dependency graph for the events {E, : ¢ € Q}: if ¢ is nonadjacent to every
element of R C (), then ged(g,lem(R)) = 1, and the Chinese remainder theorem implies that E,
is independent of the sigma-algebra generated by {E, : r € R}.

Under (15), the cluster-expansion lemma in the form of Bissacot, Ferndndez, Procacci, and
Scoppola [4] (see also Harvey and Vondrak [5]) gives

(ﬂE) YG(Q y)
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Since

Ye(@Qiy) <> [Tve= 10 +wy),

ICQqel q€qQ

the second inequality follows. O

For the upper bound we use Janson’s inequality. Define

1
M(Q) = 2;2 o M@= ZQ
€ ,r&
! q#r, qgcd(q,r)>1

1
lem(q,7)

Proposition 8.5 (Janson upper bound for Q-free density). Let @Q C {2,3,...} be finite. Then
0(Q) < exp(=M(Q) + A,(Q)).
Proof. Let

¢
L:=1m(Q) = [ pf.
i=1

Choosing N uniformly modulo L is, by the Chinese remainder theorem, equivalent to choosing
independent uniform coordinates

t
(N1,...,Ny) € [[ Z/pf 2.
=1

For each ¢ € Q, write ¢ = [[}_; piﬁi(q) with 0 < f3;(¢) < ;. Then the event
Eq:={q| N}
is exactly the cylinder event that
N; =0 (mod pii(q)) for every ¢ with 3;(q) > 0.

Thus the family (Ey)qcq is realized on a product probability space with independent base
variables, which is exactly the setting of the standard product-space form of Janson’s inequality
[6]. Moreover, if gcd(q,r) = 1, then E,; and E, depend on disjoint prime-power coordinates and
are independent; if ged(q,r) > 1, then

Eq NE, = {lcm(qar) ‘ N}a
SO

1

Janson’s inequality therefore applies and yields

P(() By) < exp(—p+A),

q€Q
where

p=y P(E)=MQ)

q€Q
and . . )
A== Y PENE)=5 Y ——=AQ).
2 o 2 e lem(q, 1)
g#r, ged(q,r)>1 g#r, ged(g,r)>1

Since the left-hand side is exactly §(Q), the result follows. O
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8.4 A split signed transport bound and the pair-tail finite-window criterion

For finite sets U,V C N define

LU V)= {lem(SUT):0£SCU, TCV}

and
V= S (ST @ e @ | V).
0£SCU, TCV
lem(SUT)=d
Set
_ A v o Ul
Suv = Y = LU V)= ) N W_(U|V):= > (=X
deL(U|V) )\UIV>0 U\V<0

Proposition 8.6 (Signed split transport). Let U,V C N be finite and let m >n > 1. Then

Fyy(m)  Fo(n)

WL U|v) W-U]V)
2W+(TILJ | V)+W_((Ty V)

n

< =0y +

< —ouyv +
In particular, if n >0 and Sy > n, then

2 ~ R I3
N W+(U|V);FW wivy U|;(m)<2 U:;(TL)

(m > n).

Proof. By Lemma 4.1,

ulv | T ulv(x
FU|V(:L') = Z )\d‘ \‘dJ :5Ulv.’fj— Z Ad| {3}
deL(U|V) deL(U|V)
Dividing by = and subtracting twice the n-expression from the m-expression gives

) F) sy e (B -5

deL(U|V) m

If )\U|V > (, then the d-term is at most 2)\U‘V/n. If AdUW < 0, write )\glv = —uq with pg > 0;

then the d-term is 1 cm 2 n L
(=25 <5

Summing over positive and negative coefficients gives the first inequality, and the second follows
from m > n. The final implication is immediate. ]

Theorem 8.7 (Pair-tail finite-window criterion from quotient tails). Let a < b < minT', with
T C{2,3,...} finite, and set £ := [a,b]. Let

Qq = Qa(T)a Qp = Qb(T)v Qe := QE(T)'

Assume that 1 ¢ Qu U Qp, and choose positive weight vectors y'@ = (yéa))qua and y® =

(yéb))qub such that
(a)

Yaq
- S (q € Qa)7
4~ Yo T, (@ y@)

—_
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%

1
—_ < |
¢ YG(Qb)(FE(Qb)(q); y(b)) (g € Q)
Define
" 1 € Qy,
O(Qy) = {
exp(—M(Qr) + As(Qr), 1¢Q,
and

S 1 N 1 ~ 6(Qu)
@b aY60.)(Qa; ¥ W) bY@, (Qy;y®) ¢

If nayr > 0, then

2 bt | T _ by | T F, F,
e Wil{a b} [T) + W ({0} [T)  _ Fayr(m) _, Fopr(n)
Na,b|T m n

(m >n).

Proof. By Lemma 8.1,
o 8@ @) @)
abT = + b 7

Applying Proposition 8.4 to @, and @, and Proposition 8.5 to @y when 1 ¢ Q, (while 6(Q,) =0
when 1 € Qy), we obtain

dap|T = NapiT > 0
Now apply Proposition 8.6 with U = {a,b} and V =T. O

Remark 8.8 (Interpretation of the criterion). Theorem 8.7 isolates a precise asymptotic
obstruction. For a fixed pair-tail configuration, every failure of split doubling must lie in a finite
initial window unless the positive quotient systems Q,(7") and Qy(7") evade the cluster-expansion
corridor and the negative quotient system Q(7') simultaneously carries unusually large density.
In that sense, any infinite family of unresolved pair-tail configurations must eventually evade
the cluster-expansion corridor in at least one positive quotient tail while keeping the negative
quotient density large; heuristically, the remaining obstruction is a dense low-prime quotient
core.
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