A STRONG LAW FOR THE ROOTS OF RANDOM LITTLEWOOD
POLYNOMIALS

PRZEMEK CHOJECKI
ABSTRACT. Let (¢)r>0 be independent Rademacher variables and put

k=0

If R,, denotes the number of zeros of P, in the closed unit disk, counted with multiplicity, then
R, = g + O, (n3997/400) almost surely.

In particular, R,/(n/2) — 1 almost surely.

1. INTRODUCTION

A Littlewood polynomial is a polynomial all of whose coefficients belong to {—1,1}. Erdds asked
whether, for the random Littlewood polynomial

n
P,(z) = Z 2"
k=0

with independent uniform signs, the number R,, of zeros in {z € C : |z| < 1} satisfies R,,/(n/2) — 1
almost surely; see [1-3]|. Yakir proved a closely related convergence-in-probability result for random
Littlewood polynomials [4]. We prove the almost-sure version, with a power saving.

Theorem 1.1. Let R, count zeros of Py, in {|z| < 1}, with multiplicity. With probability one,
n
R, = > 10, (n399/400).
Consequently,

Ry,

n7/2 1 almost surely.

The proof uses Jensen’s formula at the two radii 1 —n=401/4%0 and (1 —n~401/400)=1 " Apart from
the quoted logarithmic-integrability theorem of Nazarov, Nishry and Sodin for Rademacher Fourier
series, all estimates needed below are proved explicitly. The required smooth central-limit estimate
is a direct Lindeberg replacement argument.

2. NOTATION AND ELEMENTARY ESTIMATES

Forn >2and j > 1, set

pp =1 — n~401/400, Tn = pol, N; = [j%].
All asymptotic assertions below concern sufficiently large n, and we let
1 1
=100 7 00
Let 40
pu(do) = — (—m <0< )
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For » > 0 put
° Pn(reie)
o'n(r)2 = r2k, Fp,(0) = ———
2 o
Thus
n k
) r
F,.(0) = an,k(r)skelka, an k(1) == ,
2 7

and Y 7_gank(r)? = 1. We regard C as R? when taking C™ norms. All implicit constants are
deterministic unless the notation O, is used.

Lemma 2.1. Uniformly for r € [ppn, ],

on(r)2 = n+ 1 4 O(n3%9/400), (2.1)
—1/2
max an(r) <n” (22)
Z ank(r)? < n1/2, (2.3)
k=0

Moreover, if
n
By, (1) := Z an,k(r)%lkt,
k=0

then
| B (£)] < 12
whenever dist(t, 2rZ) > n~1/2.

Proof. Since |logr| < n=*0Y40 for 1 € [pn, 7], we have 72F = 1 4+ O(kn=01/400) uniformly for
0 < k < n. Summing over k gives (2.1). Also 7* < 1 uniformly in the same range, and therefore
(2.2) follows. Since Y, an (1) = 1, this gives (2.3).
For the last estimate,

1— (T2€it)n+1
on(r)?(1 — r2eit)’
The numerator is O(1) because r>® = O(1) in the present range, and o, (r)? < n. If dist(¢,27Z) >

~1/2
n , then

11— 72| > 1 — €| — |r? — 1] > dist(t, 20Z) — O(n~"V/40) > dist(t, 2nZ).

By r(t) =

This proves | B, .(t)| < n~!dist(t,272) " < n~1/2. O

Lemma 2.2 (Block comparison). Let m = N; and m < n < Njy1. For each N let ry be one of
1, pn, T, with the same type of choice made for every N. Extend coefficient vectors by setting

ank(ry), 0<k<N,

Then

Z |Gk (1) — A g (rm) |2 < m~ 14,
k=0
Consequently,

/‘Fn,rn(e) — Fp e (0)] p(do) < m Y8,
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Proof. Write A =n—m. Since Nj;1 —N; = O(N?/4), we have A = O(m>/*). For each of the three
allowed choices,

log 7y, — log 1| < m~201/400,
Hence, uniformly for 0 < k& < m,

<r”)k — 1+ 0(m™/Y).

'm

Also,
m
(1) = O (1m)? = Z(r%k —r2ky 4 Z 2k,

k=0 k=m+1
The first sum is

0 <Z k|logry, — log rm|> = O(m>9/40),
k=0

and the second is O(n —m) = O(m3/*). Thus
0n(Tn)? = Om(rm)? = O(m*/*).

Since 0, (rm)? < m, it follows that

Om(Tm) —1/4
=1 .
o) +O0(m™ %)
Therefore, for 0 < k < m,
U, k(rn) —1/4
—————=14+0(m ,
am ke (Tm) ( )

and the contribution of 0 < k < m to the square sum is O(m~/2). The tail contributes

n

Z an,k(rn)2 <

k=m+1

n—m
<<m_1/4.

This proves the square-sum bound. The L' bound follows from Cauchy’s inequality and Parseval:
1/2

/ ’Fn,rn - Fm,rm| d,U < Z |an,k(74n) - am,k(rm)’2

k=0
O
3. A SMOOTH ANGULAR CENTRAL LIMIT THEOREM
We first record the replacement estimate used below.
Lemma 3.1 (Smooth Lindeberg estimate). Let X1,..., Xy, be independent centered random vectors

in R Let Y1,...,Yy, be independent centered Gaussian vectors, independent of the Xy, such that
EY:Y! = EXp X[ 1< k<m).
If & : R?* - R has bounded derivatives up to order 3, then

i) ()

m
< Call®llcs Y EIXGI.
k=1
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Proof. This is the standard one-by-one Lindeberg replacement argument; compare Chatterjee’s gen-
eralized Lindeberg principle [5, Theorem 1.1|. We include the proof to fix the precise normalization.
Let

Sk=Y1++ Y1+ Xpp1+- + X

E® (i Xi> —E® (i Y) = iE{(I)(Sk + Xp) — B(Sk + Vi) )
=1 i=1

k=1
The vector Sy is independent of both X} and Yj. Conditioning on S = s and expanding ®(s + u)
to second order at u = 0, the constant and linear terms cancel because X} and Y} are centered,
and the quadratic terms cancel because their covariance matrices agree. The Taylor remainder is
bounded by

Then

Call®lles (| Xkl + Val?).
Finally, since Y}, is Gaussian,
E[Yi* < Ca(B[Yi*)*? = Ca(BIXk[*)*? < C4RI X[,
Summing over k proves the claim. ([l

Lemma 3.2 (Gaussian stability). Let d be fived. Suppose ¥ is a real d x d covariance matriz with

1

1
HZ B §IdHop SO< TO
If Zy, ~ N(0,%) and Z ~ N(0, %Id), then every Lipschitz function ® : R? — R satisfies

E®(Zs) — BB(2)| < Ca Lin(®)3.
Proof. Let W ~ N(0,1;) and couple Zs = XV2W and Z = (11,)V2W. Write ¥ = 1(I; + A),
where [|Af|,, < 2d. By the spectral theorem,
|+ ay2 -1 <cial, <cs,
op

since the spectrum of A lies in [—1/2,1/2]. Therefore
E|Zs, — Z] < Ca0E|W| < Cyé.
The Lipschitz bound for ® gives the result. O

Proposition 3.3 (Smooth angular central limit theorem). Let h : C — R be bounded and C3.
Uniformly for r € [pn, Tn],

E [ 07 (0)(10) = BA(G)| < (1o -+ [l (1)
and
Var ([ 0 @)n(09)) < (1l -+ %07 (32)
1 7|z|2.

Here G is the standard complex Gaussian, with density 7~ e

Proof. Fix r € [py, 7). For fixed 6, the vector (RF}, (), SF, »(0)) is a sum of independent centered
vectors

X (0) = eran i (r)(cos kb, sin k6).
By Lemma 2.1,

ZE|Xk(0)]3 = Zanyk(T)S < n V2
k=0 k=0
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Its covariance matrix is
277" 2
The set of @ for which dist(26, 27Z) < n~'/2 has y-measure O(n~/2). Outside this set, Lemma 2.1
gives Y9 = %Ig + O(n~Y2). Lemma 3.1, followed by Lemma 3.2, gives

11 (RBu.(20) SB,(20)
Yo =52+ <an,T(29) “RB, . (20)) -

[ER(Fnr(6)) = ER(G)| < [[h]|can™"/?

on the good set. On the exceptional set we use the trivial bound 2 ||h|| . Integration in € proves
(3.1).
For the variance, apply the same argument to the four-dimensional vector

(RE, - (0), SFp(0), RE, »(6), SFpr(0)).

The corresponding summands have Euclidean norm at most v/2ay, x(r), so their third absolute
moments again sum to O(n~'/2). The covariance matrix has diagonal blocks of the form just
computed, and its off-diagonal blocks are linear combinations of

Bnﬂ”(e - ¢)7 Bn,rw + ¢)
The union of the four exceptional strips

dist (26, 277Z) < n~V2,  dist(2¢, 20Z) < =Y/,

dist(6 — ¢, 2nZ) < n~Y2,  dist(0 + ¢, 20Z) < n~V/?

has (11 x p)-measure O(n~1/2); each strip has this measure by Fubini. Outside this set the covariance
matrix is %14 + O(n_l/Q) in operator norm. Applying Lemmas 3.1 and 3.2 to

H(z,w) := h(z)h(w)

uses

1H [|cs + Lip(H) < (lAll s + [1Allo)*.

On the exceptional set we use the trivial bound |H| < ||h]|%,, and the independent Gaussian com-

parison term is bounded in the same way. Thus, on the good set, the comparison Gaussian is within
O(n_l/ 2) of a pair of independent standard complex Gaussians, and on the exceptional set the total
contribution is O(Hh”io n~1/2). Integrating over (6, ¢) gives

B ([ 1) du>2 = (BA(G)? + O ((hllos + 11l o) *n ).

Together with (3.1), this implies (3.2). O

4. LOGARITHMIC AVERAGES
We use the following theorem of Nazarov, Nishry and Sodin.

Theorem 4.1 (Nazarov—Nishry-Sodin). There is an absolute constant C with the following prop-
erty. Let (ei)k>0 be independent Rademacher variables on a probability space (2,P), and let

Fw,0) =Y aer@et,  Slal? = 1.

k>0 k>0

Then, for every p > 1,

/Q / " log | £(w, B)|[” (d6) P(dw) < (Cp)°”.



6 PRZEMEK CHOJECKI

This is the positive-frequency special case of |6, Corollary 1.2], under the change of variables
between [0, 1] and [—m,7]. We use it only for p > 2. The finite sums F),, are special cases, with
¢k = apk(r) for 0 < k < n and ¢, = 0 otherwise.

For r > 0 define

Lo(r) = / log | Fo (6)] 1 d6).

The logarithmic singularities are integrable deterministically, since on each circle a nonzero polyno-
mial has only finitely many zeros. The theorem above is used for the uniform logarithmic moment
bound.

Lemma 4.2. Fix one of the three deterministic choicesryp, =1, 1y = pp, or 1y =7y Leth; : C — R
be deterministic C3 functions. Assume that there is a deterministic constant Cy such that, for every

Js
1l oo + 1Bl s < CoNZ™, Lip(hy) < CoNJ.

Then, almost surely, for all sufficiently large j and all n € [Nj, Nji1),

[ 5 s~ B

Proof. At the block endpoint n = N;, Proposition 3.3 gives

E [ hi(Fa,ey,) di ~ Eby(G)

<, Nj_ﬁ.

3n—1/2
< Nj

and
Var </ hj(FNj,rNj)dM> <0y Nfﬁ—l/?_

Since 3n — 1/2 < —f3, Chebyshev’s inequality gives

Now N; =< j* and
426 +6n—1/2) < —1,
so these probabilities are summable. Borel-Cantelli proves the desired estimate at the block end-
points.
If n € [Nj, Nj+1), Lemma 2.2 gives

—1/8

The Lipschitz bound on h; therefore gives an additional error Oc,( Njﬁ_l/ 8) = o(Nj_B ), completing

the proof. O

Lemma 4.3. Fix one of the three deterministic choices rp, =1, 1y = pp, o1 1y = 7. Almost surely,
for all sufficiently large n,

[ o5 Fu, 0)] () < (g™
Proof. Apply Theorem 4.1 to F}, ;.. For large n put gy, := [logn]. Jensen’s inequality gives

qn
E ( J du) < B [ og| P, [P du < (Can)' 2.

, 20 012 dn
P</|10gan,mH dp > (logn) >< ((logn)8> ’

which is summable in n. Borel-Cantelli proves the claim. U

Hence
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Lemma 4.4. Fix one of the three deterministic choices rp, = 1, 1y = pp, or 1y = Ty Almost surely,
for all sufficiently large j and all n € [Nj, Nji1),

{0 < |Fop, (0)] < 2N} < N;27.
Proof. Choose a smooth radial function xps : C — [0, 1] such that

Ljcon— < Xar(2) < a1, llxarlles < M?, Lip(xar) < M.
Put M; = N;] and

Yyim [ Xt (B, (0D 00).
By Proposition 3.3,
EY; < Exar, (G) + OV /?) < M2,
because the complex Gaussian has bounded density near zero and 3n — 1/2 < —2n. Also
Var(Y;) < N2,
Choosing C' larger than the implicit constant in the expectation bound, Chebyshev’s inequality
gives
P(Y; > OM; %) < MINJTV? = NJO12,
Since N; =< j4 and 4(10n — 1/2) < —1, these probabilities are summable. Thus Y; < Mj*2 almost
surely for all sufficiently large j.
For n € [N}, Nj11), Lemma 2.2 gives

—1/8
/|Fn,rn _FNjJ’Nj’dlu’<<Nj / .

Hence

-1/8 -1/8 -2
< M;N;VE = NTTVS = o(2).

‘/XMj(Fn,rn)dﬂ_Yj J

Therefore,

for all large j and all n € [Nj, Nji1). Since xa; = 1 on {Jz] < 2Mj_1}, the desired estimate
follows. O

Proposition 4.5. Fix one of the three deterministic choices rp, = 1, 1y = pp, or rp, = T,. Then
almost surely
Ln(ry) = Elog |G| + Oy (n™?).

Proof. Let n € [N, Nj11) and put M = Njn. Let Aps : C — R be a smooth radial truncation of
log |z| such that
Au(z) =loglz| (2M™ <z < M),
[Aarllos < MP, Lip(Ay) < M, [[Aull,, < log M.

Such a truncation is obtained by smoothing the radial cutoffs at scales M ~! and M; the derivative
bounds follow from the derivatives of logr on 7 > M~'. By Lemma 4.2, almost surely,

/ Aut(Fop) dp = EAy(G) + O(N; )

for all sufficiently large j and all n € [Nj, Nj;1). Since the complex Gaussian density is bounded
near zero and decays exponentially at infinity,

EA(G) = Elog |G| + O(M~%log M).
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As 21 > (3, this error is O(Nj_ﬁ).
It remains to remove the truncation. Let

Eny = {0 AM(Fn,rn (0)) # log |Fn,rn ()]}
Then
Bt C{|Fnr,| <2M YU {|Fy.,| > M}

The first set has measure O(M~2) by Lemma 4.4, and the second has measure at most M ~2 by
Markov’s inequality and the deterministic identity

[ 1Fur ©Pu(d0) = 1.

Thus p(Envm) < M~2. By Cauchy-Schwarz and Lemma 4.3,

[ NoglFur, di < logmy®oas .
En,M

Also,
[ Bl die < (log )02,
En M
Consequently,
Ly (rp) — / Apr(Fri,) dp| <o (logn) M=t 4 (log M)M 2 = o(N;ﬁ),
because n > 3. Since N; < n on the block, the proposition follows. O

5. JENSEN’S FORMULA AND THE PROOF OF THE THEOREM

We use the following integrated form of Jensen’s formula; compare, for example, Conway |7,
Chapter XI, Section 1].

Lemma 5.1 (Integrated Jensen formula). Let H be a nonzero polynomial, and let Ny (t) denote
the number of zeros of H in {|z| < t}, counted with multiplicity. If 0 < p < s, then the logarithms
below are integrable on the two circles and

s N ) )
/ h;(t) dt = /log|H(5619)| d,u—/log|H(p619)| dp.
p

Proof. Write H(z) = c][,(# — «), with zeros repeated according to multiplicity. The constant
cancels. For a # 0, the elementary Jensen identity says that

/log Irel? — a| dp = max{logr,log |a|} (r>0).

For a = 0, the same integral is simply logr. Therefore, for every zero «,

/log|se‘9 —al dp — /log|pee —al du :/ l\alétT'
p

Summing over the zeros proves the formula. Boundary zeros cause no difficulty: the logarithmic
singularities are integrable, and changes of N (t) at a single value of ¢ do not affect the integral. [

Lemma 5.2. Asn — oo,

logon (1) —logon(pn) 1 399/400
== 1
s L O, (5.1
log 0, (7) — log oy, (1)
log 7,

= 5+ 0(m), (5.2)
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Proof. Let Sp(r) := 0,(r)? = 3 3_o r?*. Uniformly for r € [py,, ),

Sp(r) < n, S!(r) = zn: 2kr?* =t = O(n?), S'(r) = O(n®).

Since log oy, (r) = & log Sy (r), this implies

42 1 (sir) (SN L
L ogo(r) = 1 (Sn(r) -(29) ) — 0?)

uniformly in the same range. Also

_ k=¥

— n+1 2"

d
I log o, (1)

Put 6, := 1 — p, = n~401/400 Taylor’s formula gives
n
log Un(l) — log Un(pn) = 5571 + O(nZ(SrQL)
Since — log p, = d,, + O(62), division by — log p,, gives

log o, (1) —log o, (pp)
- IOg Pn

For the second estimate, use 7, = p,,;*. Then

zn:Tk 2nzp —T Un pn)z'

k=0 =

= 2+ O(ndn) + O(n%6,) = & + O(n*/40),

Thus
log o (1) = nlog 7, + log oy (pn),
and hence
log oy (7)) —logon(1) n logon(1) —logon(pn) n + O(n399/400).

log 7, —log pn 2

0

Proof of Theorem 1.1. Work on the probability-one event on which Proposition 4.5 holds for the
three choices r,, = 1, pn, ™.
First apply Lemma 5.1 to P, with (p,s) = (pn,1). Since Np,(t) < R, for every t < 1,

Rn(_logpn) 2 /log’Pn(eieﬂdM_/log’PR(pneig)’dM'

Using P, (re'?) = a,,(r)F,, (), this gives
log Un(l) - logan(pn) + Ln(l) - Ln(pn)

R, >
—log p,, —log pn
Because —log pp, = log7, = n~%01/40 and g = 1/200, the O, (n=?) errors from Proposition 4.5
become O,,(n399/400) after division by the logarithmic radii. Hence Lemma 5.2 and Proposition 4.5
give

R, > g — 0, (n39°/400),

For the upper bound define the reciprocal polynomial

Qn(z) :=2"P,(1/z) = Zgn w2
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Since €, # 0, the polynomial P, has exact degree n, so it has exactly n complex zeros counted with
multiplicity, and @,(0) = &, # 0. Also P,(0) = g9 # 0, so every zero of P, is nonzero. Thus the
reciprocal map gives a multiplicity-preserving bijection between zeros of @,, in |z| < 1 and zeros of
P, in |z| > 1. Because R,, counts the zeros of P, in |z| < 1, we have

Ng,(t) <n—R, (0<t<1).
Applying Lemma 5.1 to @,, with (p,s) = (pn, 1) gives

(0= Bu)(~1ogpu) > [ 105 1Qu(e”)] s~ [ 10g]Qu(pue) dn
Now _ . _ . _ _
Qn(ele) — el?l@f)n(e—lﬁ)7 Qn(pnelg) — pzemepn(Tne—lé’)‘
Using the invariance of u under 6 — —6, we obtain

log oy, (1) —logon () n L,(1) — Ly(m)
log 7, log 7, '

n—Ry,>2n+

Since 1 1 I 1 1 1
n 4 og (1) —log oy () e 0g oy () — log oy, (1)

log 7, log 7,
Lemma 5.2 and Proposition 4.5 give

Y

n—R, > % _ Ow(n399/400).
Equivalently,
R, < %% 4 C)w(7z399/400).
Combining this with the lower bound proves the theorem. O

REFERENCES

[1] P. Erdss, Some unsolved problems, Publ. Math. Inst. Hungar. Acad. Sci. Ser. A 6 (1961), 221-254.

[2] W. K. Hayman, Research Problems in Function Theory, Athlone Press, London, 1967.

[3] T. F. Bloom, Erdés Problem #0522, https://www.erdosproblems.com/522, accessed 26 April 2026.

[4] O. Yakir, Approximately half of the roots of a random Littlewood polynomial are inside the disk, Studia Math.
261 (2021), no. 2, 227-240, doi:10.4064,/sm201117-28-1.

[5] S. Chatterjee, A generalization of the Lindeberg principle, Ann. Probab. 34 (2006), no. 6, 2061-2076,
doi:10.1214,/009117906000000575.

[6] F. Nazarov, A. Nishry and M. Sodin, Log-integrability of Rademacher Fourier series, with applications to random
analytic functions, Algebra i Analiz 25 (2013), no. 3, 147-184; English transl., St. Petersburg Math. J. 25 (2014),
no. 3, 467494, doi:10.1090/S1061-0022-2014-01300-3.

[7] J. B. Conway, Functions of One Complex Variable I, 2nd ed., Graduate Texts in Mathematics, vol. 11, Springer-
Verlag, New York, 1978.


https://www.erdosproblems.com/522

	1. Introduction
	2. Notation and elementary estimates
	3. A smooth angular central limit theorem
	4. Logarithmic averages
	5. Jensen's formula and the proof of the theorem
	References

