Almost surely half of the zeros of a random Littlewood polynomial
lie in the unit disk

April 20, 2026

Abstract
Let

N |—=

Pu(z) =Y exz®,  Pley=1)=Pler = —1) =
k=0

with the coefficients independent. Write R,, for the number of zeros of P, in {z € C: |z| < 1},
counted with multiplicity. We prove the strong-law statement asked by Erdés:

R,
— —1 almost surely.
n/2

In fact our argument gives the quantitative estimate
R, = n 10, <n149/150> .
2

The proof combines three ingredients. First, Jensen’s formula reduces the root count to logarithmic
integrals at radii 1 and 1 — n~ =%, with an elementary reciprocal-polynomial squeeze handling
the closed disk exactly. Second, a logarithmic-integrability theorem of Nazarov, Nishry and Sodin
controls the singularity of log|P,| near zero. Third, a quantitative central-limit argument for
angle averages of the normalized polynomial, in the spirit of Angst and Poly, yields almost-sure
convergence of suitable smooth truncations of the logarithmic integral. This is precisely the
route suggested in the discussion of Erdds problem #522.

1 Introduction

The random Littlewood polynomial
n
Pu(2) =) er2k, e € {—1,1} i.id,,
k=0

has its zeros concentrated near the unit circle. Erdés asked whether, almost surely, asymptotically
half of the zeros lie in the unit disk; see [4, p. 252] (the original source is [3]). On the Erdés problems
site this is problem #522, and Yakir’s theorem is recorded there as the known in-probability result
[5]. Yakir proved that

P(‘Rn = Z‘ > n9/10> —0,
thereby solving the weaker problem from Hayman’s book [8]. The comments on the discussion thread

point to the natural route to the strong law: use Jensen at two nearby radii, import logarithmic
integrability from Nazarov—Nishry—Sodin, and add an almost-sure quantitative central-limit theorem



of Salem—Zygmund type in the spirit of Angst—Poly [6, 1, 7]. The purpose of this note is to write
that argument out.
Our main result is the following.

Theorem 1. With probability one,

In fact, with probability one,

Consequently,
R
/1 almost surely,
n/2
and also n
ER, = 5 +o(n).
We count zeros with multiplicity throughout. Let
de
df) = —
udo) = o

be normalized Lebesgue measure on [—m, 7].

Choice of exponents

To keep the bookkeeping clean we fix once and for all

1 1 1
= — = — = — N; = 5.
=10 """ P i=J

None of these choices is optimal. The proof only needs o < < n < 1/12 and a mild summability
inequality; the explicit exponents above were chosen simply to make all estimates transparent.

2 Deterministic preliminaries

Define . »
_1- P, (re!
pni=1—n"17% on(r)? = Zr%, Fo.(0) := 771( )
k=0 on(r)
We also set
" o<k< n
) —= — TL, 1
Ao (1) := ¢ on(7) B, (t) :== Z amk('r)zelkt.
0, k>n k=0

Thus

Zank r) epelf

We will use the same notation for the rec1procal polynomial
Qn(z) :=2"P,(1/2) = Zan w2

which has the same one-dimensional law as P,, for each fixed n.



Lemma 2. Uniformly for r € [pp,1] one has

ou(r)? =n+1+0(n'"),  ou(r) <n'/2, Joax an(r) < nH2

and

n

Z anyk(r)3 < n 2
The implied constants depend only on c.

Proof. Since r € [py,, 1] we have |1 —r| < n~17%. Hence uniformly in 0 < k < n,
%=1+ 0(kn17).

Summing over k gives

on(r)? =Y r* =(n+1) +O< 1C“Zk> (n+1) +O( )

whence o, (r) = n'/2. Since r <1,

max ank(r) < on(r)™' < n~12,

Finally,

n
Z an,k(r)3 < (max an (7 ) Z an i (r)* = = max an k(1) < n-1/2

Lemma 3. Uniformly for r € [pn,1] and t € R,

1— ( 1t)n+1
on(r)2(1 — r2eit)’

By (t) =

In particular, if dist(t,27Z) > n=1/2 then
B (1)) < 072

Proof. The displayed identity is just the geometric-series formula. Since o, (7)% < n by theorem 2,

2 1
on(r)? |1 — r2eit| < n |1 —r2eft|

| B ()] <
For dist(t,27Z) < 7 and 7 € [py, 1], one has

‘1 _ ,’,,261t

> ¢,
because 1 — 12 < n=1=* < n~1/2 while |t| > n~'/2. Therefore

1
| B, (1) < Tl <n V2 O



Lemma 4. One has

logon(1) —logon(pn) _ n l-a
"oz py, —2+O(n )

Proof. Write o = 0,,. Since

O'(’I“)2 = Z r2k,

k=0
a direct differentiation gives
9 > ko k! o 2
Eloga(r)zm, ﬁloga(r):O(n ) (r € pn,1]),

because the first numerator is O(n?), the second derivative numerator is O(n?), and the denominator
is < n by theorem 2. At r =1,
_ Yk=ok _n

0
P A I

r=
Therefore Taylor’s theorem gives

2

log (1) ~ log o(pn) = 5 (1 = pu) + O(n*(1 = pu)*) .

Since 1 — p, =n~ "% and —log p, = (1 — pp) + O((1 — pp)?),

log U"(l_)lggk;ia”(p") - g +0(n?(1 = pn)) = g +0(n'"?). 0

Lemma 5. Let (r,) be either the constant sequence r, = 1 or the sequence r, = py. If N; <n <
m < Njy1, then

—1/6
D amp(rm) — an () |* < N; A
k>0

Hence

Proof. By Parseval,

[ 1B = P = Y k() = an () 2
k>0

So it suffices to prove the first claim. We may assume n < m.

For the tail k > n, using theorem 2 and m — n < N;)/G, we get

i m—n NJ/® 1/6
Z am,k(rm)2 < 5 < ]<[ = Nj_ .
M T (7m) j

It remains to estimate the common range 0 < k < n. First suppose r, = r,, = 1. Then

1 1
am,k(l) = T—l—l’ an,k(l) = \/m (0 < k < n),



SO

L 9 1 1 2 (m—n)? —1/3
kz:%'am’k(l) —an k(D" =(n+1) N iy L <N
This is more than enough.
Now suppose 7, = pn and r,, = pp,. Since
p=1-1717,
the mean value theorem implies
|pm — pul < Im —n| n~27 < N0

Hence for 0 < k < n,

‘P’fn - ,OI;’;’ <Ek|pm—pnl <n- Nj_7/6_a < N]-_I/G_O‘.
Also, t

ar(p)? =D pfF =t +1+0('")
k=0
by theorem 2, so
(T (pm)? = on(pn)?| < (m = n) + - NV < NS,
Since 0y (pn), Om(pm) = le/z, this gives
(om(pm) = o)l < N}, Jowm(pm) ™! = oulpn) 1| < N7
Therefore, for 0 < k < n,
k k AR—
o)~ () ‘Z(ﬁ 00 fomlpn) ™ = uo) | < N N
Squaring and summing over 0 < k < n yields
n

> lawn (o) = ans(pn)l” < Nj- NP = N7,

k=0
Combining this with the tail estimate proves the lemma. O

3 A smooth central-limit estimate for angle averages

Let G denote the standard complex Gaussian, i.e.
1 2

—e1FM g
e m(z
. (=)

on C = R2. Equivalently, RG and 3G are independent N'(0,1/2) random variables. In particular,
GI” ~Exp(1),  Elog|G| = 2.

For a bounded C? function h : C — R we write

Il = > |

0<a+b<3

a qb
920!

hHLw(RQ).

We use the following standard smooth Berry—Esseen estimate in fixed dimension; see, for example,
Bhattacharya—Rao [2, Ch. 11].



Smooth Berry—FEsseen theorem. Let d > 1 be fixed. If Xy,..., X, are independent
centered random vectors in R%, S = ij\il X, and Z is the centered Gaussian vector
with the same covariance as S, then for every bounded C® function h : R — R,

M
[ER(S) = ER(Z)| < Cq |[hllca D E X1
j=1

We also use the elementary fact that on any compact subset of the cone of positive-definite
matrices, the matrix square-root map is Lipschitz. Therefore if Zy; is a centered Gaussian in R¢
with covariance %, then for every bounded Lipschitz function h,

[ER(Zs) — Eh(Zs,)| <n |15 = X0l (1)

whenever X stays in a fixed compact neighborhood of .
For h : C — R define

Tua(h) i= [ h(Fp(6)) (@)

Proposition 6. There is an absolute constant C > 0 such that the following holds. Let h : C — R
be bounded and C3, and let v € [pp,1]. Then

[Edn (k) = BR(G)] < C(llhllgs + [l o) n™/2,

and )
Var (- (h)) < C([[hllgs + 7] ) 02,

The constants are uniform in r € [pp, 1].

Proof. We begin with the one-point estimate. Write
X (0) := (RF,(0), SF,(0)) € R%

Then "
Xnr(0) = Z €kan k() (cos kb, sin k§),
k=0

a sum of independent centered vectors. By theorem 2,
n n
Z E |eank(r)(cos kb, sin k0)|* < Z ank(r)? < n~1/2.
k=0 k=0

Let V}, »(#) be the covariance matrix of X, (6). A short computation gives

1 1 (RB,,(20) SBp,(26)
Vn,r(e) - 512 + 5 (%Bn7r(29) _%Bn,r(Ze) '

Hence on the good set
GV = {0 € [—m, x| : dist(20,27Z) > n_I/Q},

theorem 3 yields
HVM(Q) - %IQH <n 12,

6



By the smooth Berry—Esseen theorem and (1),
[ER(Xnr(8) = ERG)| < (Ihllgs + Bl p)n™ (8 € GY).

The bad set has measure p([—m, 7] \g,(f)) < n~Y2, so integrating over 6 gives the first estimate.
For the second estimate we write

Var(o, (1) = [[ Cov(h(Par(0),h(Fur(6)) 1(d0)u(d6).

Set
Yn,’r(07 (b) = (%Fn,r<6); %Fn,r(e)y %Fn,r(¢)7 %Fn,r(é)) € R4-

Again this is a sum of independent centered vectors,
n
Y, r(0,0) = Z Ekan k(1) (cos kO, sin kf, cos k¢, sin ko),
k=0

whose third moments sum to O(n~'/2) uniformly in 6, ¢. Let ,, (6, ) be the covariance matrix of
Y, (0, ¢). The diagonal 2 x 2 blocks are the matrices above, while the off-diagonal blocks are linear
combinations of By, (0 — ¢) and B, (6 + ¢), because

E(FH,T(O)FTLJ(qb)) = Bn,r(e - ¢)a ]E(Fn,r(e)Fn,r(qb)) = Bn,r(e + ¢)
Therefore on the good set
GD = {(0,6) € [—m, 7 : dist(26, 2nZ), dist(26, 27Z), dist(0 — ¢, 27Z), dist(0 + ¢, 27Z) > n~?}

we have
HE"’T(H’ ¢) — %I4H < n 12

by theorem 3. The complement of G{? has X p measure O(n~1/2),
Apply the smooth Berry-Esseen theorem in R? to the function

H(z,w) := h(z)h(w), (z,w) € C2 =R
Since ||H||cs < (||hllos + ||l L= )?, the good-pair estimate and (1) imply

EH(FMT(Q), anr(gﬁ)) = EH(Gl, Gg) + O((”hH03 4 ”h”Lw)anl/Q)

for (0,¢) € gff), where G1, G2 are independent standard complex Gaussians. On the bad set we
simply use the trivial bound

[ H (E(0): e (0))] < B[ -

Hence
B ()? = (BA(G))* + O((Ihlls + 10l =) *n"7%)

Together with the first part of the proposition, this yields the stated variance bound. ]



4 Almost sure control for blockwise smooth observables

Fix the block decomposition
Bj = [Nj,Nj+1) NN, N; :jﬁ.

The next proposition is the almost-sure central-limit input. It is a direct subsequence-plus-
interpolation argument of the same flavor as Angst—Poly [1, Cor. 1].

Proposition 7. Let (r,,) be either the constant sequence r,, = 1 or the sequence r,, = py. For each
j>1let hj:C— R be bounded and C3, and suppose that

3 .
17l oo + 1illcs < N7, Lip(hy) < N

Then there exists an event of probability one such that on that event, for all sufficiently large j and
alln € By,

[ 15(Fo 0 (06) ~ Ry (G| < N7

The same conclusion holds simultaneously for the four families obtained by taking P, or Q. in place
of Pp, andrp, =1 orry = pn.

Proof. We first work with P, and a fixed choice of (7). Set
X, = / hi(Fop (0)) u(d6)  (n € By).
For the left endpoint N, theorem 6 gives
3n—1/2 6n—1/2
[EXn, — Bhj(G)| < N2 Var(X,) < NJ"2
Since 3n — 1/2 < —f3, Chebyshev’s inequality yields, for large j,
P(|Xn, = Ehj(G)| > 2N, %) < NJP Var(Xy,) < N7HOT2,

With our choices 3 = 1/60 and n = 1/40, the exponent is —1/3, so along N; = j% the right-hand
side is < j72. By Borel-Cantelli,

XN, — Bhy(G)| < N (2)

almost surely for all sufficiently large j.
Now let n € B;. By theorem 5,

2 \1/2 ~1/12
/ [For(0) = o, (0)] (a0) < ( / (P, = Fyr | i) < N2
Therefore, using the Lipschitz bound on h;,
‘Xn - XN].' < Lip(h;) / ]an - FNJ.,TN],' dp < NIV,

Since n — 1/12 < —f3, this is o(Nj_B). Combining with (2) proves the claim for P,.

Exactly the same estimates apply to the reciprocal polynomial @),,, because for each n it has the
same coefficient law as P,,. Repeating the argument for the four families mentioned in the statement
and intersecting the resulting probability-one events completes the proof. O



5 Logarithmic integrability and the logarithmic integral

We now control the singularity of the logarithm. The key input is the logarithmic-integrability
theorem of Nazarov—Nishry—Sodin [7, Cor. 1.2]: if

f(0) = Z crepe? with Z lexl® =1,

k>0 k
then for every p > 1,

E [ log|£0)I1” 1(@0) < (Cp)*” g
for an absolute constant C'.

Lemma 8. Let (ry,) be either r, =1 or ry, = pp, and let H,, be either P, or Q. Then there exists
A > 0 such that, almost surely,

[ f1og | rac®) ()| | n(a6) < (togm)*

for all sufficiently large n.

Proof. Apply (3) to the normalized Fourier series

H,(r,e%)
on(rn)

For any integer ¢ > 1, Jensen’s inequality gives

B[ hog a(rn®) fou(r| 00))'] < [ fog | rac) ()| nta) < (o,

Choose ¢, = [logn| and a large integer A > 13. Then by Markov’s inequality,

IP’(/ ‘1og ‘Hn(rneie)/an(rn)Hz dp > (log”)A> < <(k()qu?};2)A>q"_

The right-hand side is summable in n, because g, < logn and A > 12. Another application of
Borel-Cantelli finishes the proof. O

We now construct the truncations. For M > 2 let x5 : C — [0, 1] be a smooth radial function
such that

1<y < xm(z) < 1 <om-1, Ixmlles < M?, Lip(xm) < M.

Similarly, let Aps : C — R be a smooth radial function such that

An(z) = log|z|, M~ < 2| < M,
Ay (z) = constant, |z| < (2M)~ ! or |z| > 2M,
and
|[Ay(2)| < log M, Al os < M3, Lip(Ayr) < M.

Such functions are obtained by smoothing the obvious piecewise-radial truncations.
Set
N _ ;6
Mj = Nj =] 77.

9



Lemma 9. Let (ry,) be either r, =1 or r, = py, and let H, be either P, or Q,. With probability
one, for all sufficiently large j and all n € By,

/XMj (W) pu(df) < M2

In particular,

y({@ : ’Hn(rnew)/an(rn)‘ < Mjfl}) < M]-*Q.

Proof. Apply theorem 7 with hj = xp. Since H < MJ3 = N;’”, and

Jllcs
Lip(xn;) < M; = N]’-7, the hypotheses are satisfied. Moreover,

Exn, (G) < P(IG| < 2M; ") < M2,

because the complex Gaussian has bounded density near the origin. We now repeat the proof of
theorem 7, but with threshold M ]-_2 =N ;277 instead of IV j_ﬁ . Along the subsequence N; Chebyshev
gives
- An+6n—1/2 10n7—1/2
P(|n, ) = Exar, (G)| > Nj 7)< N2 o2,
Since 10n — 1/2 = —1/4, this is summable along N; = j. The interpolation error is still

—1/12 —1/12 9
< MyN; = NIV = (NP,

because n = 1/40 < 1/36. Hence almost surely, for all large j and all n € By,

/ xot; (Hin(rne™®) [0 (1)) dpa < M2,
The final claim follows from 1|Z‘§M.fl < X (2). O
Proposition 10. Let H, be either P, or Q,, and let (r,) be either r, = 1 or r, = p,. Then with

probability one,
/log H,, (rnel?

o () = ~Z40(n7). (4)

2

Proof. Fix one of the four families. For n € B; write

n._/l ’ 2| ao), n._/AM< Jnr”:) )>u(d9).

By theorem 7 applied to h; = Ay, and using

we get, almost surely,

3
. <logMy <, |

3 3 .
o < Mj = N, Lip(An;) < Mj = N7,

T, = EAp, (G) + O(Nj_ﬁ) (n € Bj, j large). (5)

We next compare L,, and T},. Since Ay, (z) = log|z| whenever ]\4j_1 <z < M;j,
Lo =Tl < C [ flog|Halre) fou(r2)|| 15,.,(6) ().

10



where
By, = {9 : ‘Hn(rnew)/an(rn)‘ <2M:'or ‘Hn(rneie)/an(m)‘ > M,-}.

By Cauchy—Schwarz,

1/2
Lo~ T < c( [ |1og | Hatrac®) ot | du) (En ).

By theorem 8, the first factor is <, (log n)A/ 2 for some A. By theorem 9, the small-value part of
E, ; has measure < M ]-_2. The large-value part satisfies the deterministic Markov bound

. : 2
M({91 )Hn(rnele)/an(rn)‘ > M]}) < Mj_2/’H”(T"€IG)/an(7“n)‘ p(do) = Mj—2,
by Parseval. Hence p(E,, ;) < M j_2 and therefore
Ly — Tp| <o (logn)?2M; .

Since M; = N]?-7 and n < N; on By, this is o(n=?) because > .
Finally, Ay, (G) — log |G| pointwise and in L', because |log |G| is integrable and the truncation
only alters the events {|G| < Mj_l} and {|G| > M;}, whose Gaussian probabilities are O(M ]-_2)

2

and O(eM7), respectively. Thus

EAy, (G) = Elog |G| + o(1) = —%E +o(1).

Combining this with (5) and the estimate on |L,, — T},| yields (4). O

6 Proof of the main theorem

Let
R,:=#{z€C: P,(2) =0, |2| <1}

(counted with multiplicity). Define also

1 L Ny (t
Ju(H) = —- / u(t) dt,
g Pn t

n

where Ny (t) is the number of zeros of a polynomial H in {|z| < ¢}, counted with multiplicity.
For every polynomial H with H(0) # 0, Jensen’s formula gives

/1 N};(t) dt = /log‘H(eie)‘ 11(dg) — /log‘H(pneig)‘ 1(d).

n

Applying this to P, and writing

Py (rel?)
Py . n
) = [ 10 ’w) u(d),
we obtain W (o) P( ) P( )
log o, (1) — log o (pn (1) =4, (pn
Jn(Pr) = 4 + : (6)
g Pn 0g Pn

11



By theorem 4 and theorem 10,
In(Pp) = g + O, (nlfa) +0, (n1+a—ﬁ> _ g 10, (n149/15o> 7

because 1 + a — = 149/150 > 1 — a = 99/100.
Now Np, (t) < R, for every t < 1, hence J,(P,) < R,,. Therefore

n
R, > 5 +0, (n149/150) . (7)
For the upper bound consider the reciprocal polynomial

Qn(z) =2"P,(1/2).

If a is a zero of P, with |a| > 1, then 1/a is a zero of @,, with |1/a| < 1. Consequently, for every
t <1,
Ng,(t) <n—R,.

Exactly as above,
n
Jn(Qn) ~ 9 Oy (n149/150)

by theorems 4 and 10. Since J,(Q,) < n — R, we get
Ry <n—Ju(Qn) = g +o, (n149/150) ' (8)

Combining (7) and (8) proves
_n 149/150
R, = 2 + Oy (n ) .

This proves theorem 1. The expectation statement follows from bounded convergence applied to
R, /n — 1/2 almost surely and 0 < R,,/n < 1.

7 Remarks

Remark 11. The proof above addresses the closed disk exactly. No separate estimate for roots on
|z| =1 is needed: the lower bound comes from Jensen applied to P,, and the upper bound comes
from Jensen applied to the reciprocal polynomial Q..

Remark 12. The exponent 149/150 is not meant to be sharp. It comes from one convenient
choice of auziliary exponents. Any power n*=% with some unspecified § > 0 is enough for the strong
law, and one can certainly optimize the bookkeeping. The point of the argument is qualitative: the
ingredients already in the literature suffice to upgrade Yakir’s convergence in probability to almost
sure convergence.

Remark 13. Nothing in the proof is special to the precise choice of the inner radius p, =1 —n="172

other than convenience. The discussion thread for Erdds problem #522 suggests that one may work
with radii at distance about 1/n from the unit circle; our proof indeed only needs a radius 1 —o(1)/n
and a compatible almost-sure rate for the logarithmic integral.

12
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