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Abstract

We develop a weighted version of the Tang—Zhang sunflower-capacity argument for Erdés
Problem #856 and derive a new exact-exponent theorem from it. For each fixed z > 0 we
introduce the weighted sunflower partition function

Wi(n; z) = max{ Z 280 F ol s k:—sunﬂower—free}

SeF
and its exponential growth rate Ay(z) = lim,_,o Wi(n;2)'/". We prove the two weighted
bounds
fiu(N) < (log N)Ak(Z)—z+0(1)
and

fk(N) > (log N)log(zAk(l/z))/z—o(l)

for every fixed z > 0. A simple squeezing argument at large z then forces the exact exponent

to exist:

fiu(N) = (log N)+ob),
where Ax(2)

. . k2
Vi = zlglgo (Ap(z) —2) = ;r;%(Ak(z) —z) = ili]gzlog( . )

Equivalently, N

A -1 ~

e = lim ME LRy n(1/e),
el0 S

Thus the harmonic LCM problem admits an exact polylogarithmic exponent, characterized vari-
ationally by the weighted sunflower pressure. The remaining issue is to compute this exponent
or express it in terms of the ordinary sunflower capacity ug = Axr(1). At z =1 we recover the
Tang—Zhang bounds

(log N)'og =) < £, (N) < (log N)#e~1Fo0),

while if ,u% = 2 then Tang—Zhang’s full-density argument implies Ag(z) = 1+ z for all z > 0,
hence v = 1.

1 Introduction

Fix an integer k > 3. Following Erdds, write

fe(N) = max{Zé : ACIN]is LCM—kz—free},
acA



where A is LCM-k-free if it does not contain distinct aq, ..., ax such that
lem(ai, a;) = lem(ar, ag) (1<i<j<k).
This is Problem #856 on Bloom’s Erdds Problems website [1]. Erdés proved the upper bound

log N

N _ et
(V) <% loglog N

in [3]. In recent work, Tang and Zhang [5] showed
(log N)&1=e() < f,(N) < (log N )i =1+,
where ,u% is the Erdés—Szemerédi sunflower-free capacity. They also proved that
pr=2 <= [fi(N) = (log N)"~0).

The starting point is the same mass-transport idea that Liam Price emphasized in his recent
Markov-chain discussion of Problem #1196 [2]: after truncating to squarefree multipliers ¢ < N, one
chooses ¢ with probability proportional to 2w(a) /q, so that the harmonic weight 1/a is transported
to the endpoint m = aq with density proportional to 1/m. The admissible multiplier histories
landing at a fixed endpoint form a k-sunflower-free family, and this yields a weighted upper bound
involving the partition function Wy(n;z).

A dual weighted bucketing construction using k-cosunflower-free families gives the complemen-
tary lower bound. The main new observation of the present note is that the two weighted bounds
together force the exact exponent of fi(NN) to exist. More precisely, if

Dy(z) = A(2) — 2,

then the weighted lower bound at parameter 1/z gives an exponent zlog(Ax(z)/z), which differs
from Dy (z) by only O(1/z) because 0 < Dy(z) < 1. The weighted upper bound gives Dy(z) itself.
Letting z — oo therefore squeezes the liminf and limsup exponents of fi (V) together.

This shows that the polylogarithmic exponent exists and is determined by weighted sunflower
pressure. What remains open is the stronger question posed by Tang and Zhang [5, Problem 1.8]:
determine this exponent purely in terms of the unweighted sunflower capacity ug = Ar(1).

Throughout, w(n) denotes the number of distinct prime factors of n, and pu(n) is the Mobius
function.

2 Weighted sunflower partition functions
Recall that k distinct sets S1,...,Sk form a k-sunflower if
S;NS;=51NS, (1<i<j<k),
and they form a k-cosunflower if
S;US; =51US, (1<i<j<k).

A family is k-sunflower-free or k-cosunflower-free if it contains no such configuration.
We begin with the weighted set-system capacities that arise naturally from the kernel.



Definition 2.1. Fix £ > 3 and z > 0.
(1) Let
Wi(n; z) == max{ Z 250 F ool s k—sunﬂower—free}.
SeF
(2) Let
Ci(n; z) = max{z A5, g c ol s k—cosunﬂower—free}.
Seg

At z =1 this reduces to the usual sunflower-free extremal function:
Wi(n; 1) = Cr(n; 1) = Fi(n).

We shall need the exponential growth rates of these weighted quantities. The existence of the
limit is essentially the same tensor-power argument used by Tang and Zhang for the unweighted
capacity.

Lemma 2.2. Let U C ([Z]) be k-sunflower-free. For each integert > 1, let UL UD be copies
of U supported on t pairwise disjoint blocks of size n, and set

Bt =l u- Ul e 1<i<t))
Then U™ C ([Zf]) 1s k-sunflower-free.
Proof. Suppose instead that Hy,..., H, € U™ form a k-sunflower. Write
Hj:Uj71|_|‘~-|_|Uj7t, Uj75 EU(S).

Because the ambient blocks are disjoint, for each fixed block s the sets Uy s, ..., U s have the same
pairwise intersection. Also, each Uj, has size r.

If in a fixed block s two of the U are equal, say U, s = U,,, then the common pairwise
intersection inside that block has size r, hence every U; s must equal U,s. Therefore, in each
block either all k projected sets are equal, or else they are k distinct r-sets with constant pairwise
intersection, i.e. a k-sunflower in ().

Since each U is k-sunflower-free, the second alternative is impossible. Hence in every block
all projected sets are equal, which forces Hy = - -- = H},, contradicting the assumption that the H;
are distinct. O

Proposition 2.3. For every fized z > 0 the limits

Ap(2) := lim Wy(n; 2)"/™, Ap(2) := lim Cy(n;2)/"

n—oo n—oo

exist. Moreover,

Cr(n; z) = 2"Wi(n; 1/2) and  Ap(2) = 2AR(1/2).

Finally, N
Ag(1) = Ap(1) = s}

Proof. Fix z > 0. Let F,, C 2[" be extremal for Wy, (n; z). By averaging over the n + 1 uniform
layers, there exists some r € {0, 1,...,n} such that

2| F ( >‘ > V‘Zcflz).

3



Write U, := F, N ([:f]).
By Lemma 2.2, the tensor family U2 is k-sunflower-free on tn points for every ¢t > 1. Its

weighted mass is
. t
> = (el = (DY
n+1
HeluXt

Hence

n+1
Also, Wi(m; z) is nondecreasing in m, since any family on [m] may be viewed as a family on [m+1].
Fix n and let m — oco. Writing ¢ := |m/n|, we have tn < m < (¢t + 1)n, hence

Wk(n;z)>t (n,tZ 1)

Wi(tn; z) > (

Wi(m: ) > Wi(tn; =) > (W)t.

Taking mth roots and letting m — oo yields

lim inf W (m; 2)Y/™ >

m—00 -

(i)

Taking the supremum over n gives

Wailn: 1/n
gt W) > (U5

Since (n + 1)1/ — 1, we also have

= lim sup Wi (n; 2) /™.

n—oo

Wk(n;z)>1/n

lim sup ( 1
n

n—oo
Hence

lim inf Wy (m; z)l/m > lim sup Wi (n; z)l/”,
m—00 n—00

so the limit Ag(z) exists.
For the cosunflower quantity, taking complements in [n] bijects k-cosunflowers and k-sunflowers,
and transforms the weight 2%l into

I8 = 2n1 )28

Therefore
Cr(n; z) = 2"Wi(n; 1/2).

Taking nth roots and passing to the limit yields
Ap(2) = 2A4(1/2).
The identity at z = 1 is immediate from the definition of u%. O

Remark 2.4. For later use, note the trivial inequalities

2" < Wi(n;2) < Z 25 =14 2)n
SC[n]



(the lower bound comes from the one-point family {[n]}), as well as
Wi(n; z) < (n+ 1)F(n) max(1, 2)".

Hence
2<Ag(2) <14z and Ag(2) < pi max(1, z).

In particular
0<Ax(z)—2z<1 (z>0).

Also, if one inserts only the crude estimate Ag(z) < ,u% max(1, z) into Theorem 3.3, then optimizing
over z > 0 recovers precisely the Tang—Zhang exponent ,uzfl, since the minimum of,u% max(1,2z)—z
is attained at z = 1.

3 A weighted Markov-kernel upper bound

We now turn to the harmonic problem.

Lemma 3.1. For every fized u > 0 and every X > 2,

@ (m)
Z <y (log X)™.
m<X m
Proof. We have
ur(m) U U U
3 <M+ +5+)=T1(+-=)
mex U pex PP pex s P
For large p,
1
log<1 + “ ) =2 +Ou(7>;
p—1/ p p

so by Mertens’ theorem,

H (1 + ]%) <y (log X)*.

p<X
O

The next analytic fact is standard and is the only place where we use Selberg—Delange type
asymptotics.

Lemma 3.2. For every fized z > 0,

w(q)
H(X) = Y T = (log X)) (X - o0).
q<X 9
n(q)?=1

Reference. This is a standard consequence of the Selberg—Delange method applied to the multi-
plicative function ¢ — u(q)zzw(q). One may obtain it, for example, by partial summation from the

asymptotic formula for
Z M(n)2zw(n)‘

n<X

See, for instance, Tenenbaum [6, Chapter I1.6] or Koukoulopoulos [4, Chapter 13]. O



Theorem 3.3. Fix k> 3 and z > 0. Then
Ji(N) < (log N)ME=+00) (3 5 o).
Proof. Let A C [N] be LCM-k-free. For each integer m > 1, define

Fm = {SQP(m): m:apror someaeA},
peS
where P(m) denotes the set of prime divisors of m.
Claim. For every m, the family F,, is k-sunflower-free.

Indeed, suppose Si,...,S; € F,, form a k-sunflower with kernel K. For each ¢ there is a unique
a; € A such that
m = a; H p.

PES;
Since S; N S; = K for all i < j, we have

lem(a;, aj) = i S—
v ng(m/aivm/aj) Hper

for every ¢ < j. Equivalently, for each prime p | m one has
Up(ai) = vp(m) — lpes;,

so the p-adic valuation of lem(a;, a;) is vp(m) — 1 exactly when p € S;NS; = K, and is otherwise
vp(m). Thus ay,...,ay are distinct elements of A with constant pairwise lem, contradicting the
LCM-k-free hypothesis. This proves the claim.

Now consider

T.(N) = (3 é)HZ(N).

acA

Expanding H,(N) and writing ¢ = Hpesp, we obtain

w(q)
z
ISR S =
a€A q<N q
n(g)?=1

For each pair (a,q) in this sum, put m := aq and S := P(q). Then m < N2, we have S € F,,, and
the summand equals z!°! /m. Summing first over m therefore gives the upper bound

T.(N)< Y % > A

m<N?2 SeFm

(The inequality, rather than equality, is because the definition of F,, also allows representations
with [[,cgp > N, which do not occur in T,(N).) Since Fy, is k-sunflower-free on the ground set
P(m) of size w(m), we have

Z 25 < Wi (w(m); 2).

SeFm
Fix 6 > 0. By Proposition 2.3, there is a constant C' = C(J, z, k) such that

Wi(r;z) < C(Ax(z) +9)" (r>0).



Therefore, by Lemma 3.1,

w(m)
TZ(N) < C Z (Ak(z) + 5) <<5,z,k (lOg N)Ak(z)+6.

m<N?2 m
On the other hand, Lemma 3.2 gives
HL(N) = (log )=V,

Dividing through by H,(N) yields

Z 1 < (log N)Me(2)==+5+o(1),
a€A a

Since § > 0 is arbitrary, the result follows. O

Remark 3.4. At z =1 we recover the Tang—Zhang upper bound
fe(N) < (log N~ 1o,
The advantage of Theorem 3.3 is that it isolates the exact input needed for a sharper exponent: not
merely the single value A,(1) = p, but the whole weighted curve z — Ag(z).
4 A weighted bucketing lower bound

We now show that the same weighted capacity also appears on the lower-bound side.

Definition 4.1. For pairwise disjoint nonempty sets Ui, ..., Us, and a family G C 2, define the
blow-up of G over Uy,...,U; by

B(G; Uy,...,U) := {B CULU---UU: |BNU;| = lijeg for some G € g}.

Lemma 4.2. If G C 2 is k-cosunflower-free, then B(G;Uy,...,U) is also k-cosunflower-free.
Proof. Suppose instead that By, ..., By € B(G;U,...,U;) are distinct and satisfy

B, UB,=U (1<r<s<k)
for some fixed set U. For each j, let

Gj Z:{’iE [t]:BjﬁUi#Q}Eg.
Then for each pair » < s and each block 4,

1€G UGy < (B,UBs)NU; #9@ «<— UNU; # 2.

Hence the pairwise unions G, U G are constant.
It remains to show that the G; are distinct. Suppose G, = G, for some u # v. Since B, # B,,
choose 7 € G, such that

B, NU; = {x}, B, NU; ={y}, T #y.



Then (B, U B,) NU; = {x,y}. Since all pairwise unions equal U, for any w ¢ {u,v} we must have
(BuU By) NU; = (B, UBy,) NU; = {z,y},

which forces By, NU; = {y}. Similarly
(ByU By) NU; = (B, U By) NU; = {z,y},

which forces B, NU; = {x}. This is impossible. Therefore the G are distinct, and hence form a
k-cosunflower in G, contradiction. O

Lemma 4.3. Let z,0 > 0, and let wy,...,wy € (0,9] satisfy
M
Z Wy > t(z +0)
m=1
for some integer t > 1. Then one can partition {1,..., M} into pairwise disjoint sets
I,....,I1,R

such that
2< Y wm<z4d  (1<j<H).
mGIj

Proof. Construct the sets greedily. From the remaining indices, choose a minimal subset I; with
total weight at least z; minimality and the bound w,, < ¢ imply

z < Zwm<z+5.

mel

Proceed similarly with the unused indices.
After constructing Iy, ..., I;_1, the remaining total weight is at least

tz4+0)—(—1(z+0)=0t—7+1)(z4+6)>2+0 >z,
so the greedy procedure can continue and produces ¢ blocks. The leftover indices form R. O
Theorem 4.4. Fiz k > 3 and z > 0. Then
Fo(N) > (log N)logka(z)/z—o(l) — (log N)Wos(z0k(1/2))/z=o(1) (N = o).

Proof. If Ay(z) = 1, then the asserted lower bound is fi,(N) > (log N)~°M) which is trivial since
fx(N) > 1. Thus we may assume Ag(z) > 1.
Fix € > 0 and choose A with

1< A< Ap(z) and log A > log Ay(z2) — €.
By Proposition 2.3, for all sufficiently large ¢ there exists a k-cosunflower-free family G, C 2[t) such

that
S Ll s
GeGt



Let
1—n)L
L :=loglog N, N :=¢, t:= LlJ, z:= N1, Y= eXp(L2/3).
For N large we have t — oo, y < z, and

1
Z — =loglogz —loglogy + O(1) = L —logt — %logL—i—O(l) =L —o(L).

y<p<z

Choose a small constant § > 0 with § < nz/4. Since every prime p > y satisfies 1/p <y~ = o(1),
we have 1/p < ¢ for all sufficiently large N. Also, the total reciprocal mass available in (y,z] is
L — o(L), while

0 n
< — [ — 0] < . 0]
Hence, for N large enough,

> L

y<p<z p

Applying Lemma 4.3 to the weights wj, := 1/p on the prime set (y, x|, we obtain pairwise disjoint
prime sets

Pl,...,Ptg (y,fl?]
such that

~
1

€ [z,24+9) (1<i<t).

=

m

By
K=

For each G € G;, define
A(G) = {Hpi: p; € P; for eachieG}, A= U A(G).
i€G GeGt

Because the P; are disjoint and every chosen prime is at most x, each element of A is squarefree
and satisfies
a§$|G| <z'=N.

Thus A C [N].
Now take the prime-support map
p(a) ={p: p|a}.

Then (A) is precisely the blow-up B(Gy; Py, ..., P;). By Lemma 4.2, this family is k-cosunflower-
free. Since all elements of A are squarefree,

p(lem(a, b)) = p(a) U p(b),

so if A contained an LCM-k-tuple then ¢(A) would contain a k-cosunflower. Hence A is LCM-k-free.
Finally, the harmonic sum factorizes:

1 1 1
SFESSED S TSN I (PSFIED BN | EEDSELEES
acA Gegr acA(GQ) GeGrieG peP; GegyieG GeGy

Since
(1-n)L
z

t= +0(1),



we obtain

Z 2 > eXp(M log A + O(l)) _ (log N)(lfn) log)\/z+o(1)‘

z
Using n = ¢ and log A > log Kk(z) — &, we conclude

Fe(N) > (log N)logxk(z)/z—O(a)Jro(l)_
Since € > 0 is arbitrary, the theorem follows. O

Remark 4.5. At z =1 Theorem 4.4 gives
Ju(N) > (log N)logx’“(l)_o(l) = (logN)logﬂg_O(l),

which is exactly the Tang—Zhang lower bound.

5 Variational consequences and the exact-exponent problem

Define log fo(V) log fo(V)
.. og Jk . og Jk

= lim inf —2/F) .— lim sup —2 B )

o= lminf oA oy O imsup s N

The weighted upper and lower bounds immediately give the variational inequalities
1 Ar(1
z>0 z z>0

At z = 1 this recovers the Tang—Zhang bounds
S S
log py, < ae < B < py — 1.

The key point is that the gap between the two weighted exponents disappears in the large-z
regime.

Theorem 5.1. For every fized k > 3, the limit

Vi = lim (Ag(z) — 2)

Z—00

exists. Moreover,

Ar(2)y _ log(2Ak(1/2))
(F7) =smw

= inf (Ax(2) — 2) = 1
Tk ;1;0( k(z) — z) = sup zlog up .

2>0

9

and

fe(N) = (log N2,

Equivalently,
g = Bk = k-

10



Proof. Write
Dk(z) = Ak(z) — Z.

By Remark 2.4,
0< Di(2) <1 (z>0).

From Theorem 3.3 we have, for every fixed z > 0,

Br < Di(2).

Therefore
Br < inf Di(z) < liminf Dy (z).

Now apply Theorem 4.4 with parameter 1/z. This gives, for every fixed z > 0,

o > zlog(AkZ(z)) = zlog(l + Dkz(z))

For t > 0 one has log(1 +t) >t —t2/2. Since 0 < Dy(z) < 1, for z > 1 we obtain

z 22

zlog(l + ) > Dy(z) —

Hence
ag > limsup Dg(z).

Z—00

Combining the inequalities

limsup Dg(2) < ag < fr < liginf Dy(z)

Z—00

shows that the limit
v = lim Di(2)
exists and that
ag = By = k.

This is equivalent to
fr(N) = (log N)»+ob),

It remains to identify the variational formulas. Since

_
Pr. < inf Dy (2)

and B = v, we have
<i .
= 180 Due)
On the other hand, Dg(z) — v as z — 00, so

) .
;2% Dy(2) < v

Hence
Vi = ;I;%(Ak(z) - z).

11



Similarly, from Theorem 4.4,

A
ag > supzlog( k(z))
z>0 <

Since oy = 7y, this gives

A
Vg > sup z log< k(2) )
z>0 z

But because Dg(z) — v and 0 < Di(z) < 1, we have

zlog( Akz(z)) = zlog(l + Dkz(z)> = Dy(z) + O(%)

as z — oo. Therefore

A
sup z log<M) > Y-
z>0 z

So equality holds:

= smpion( %)

Finally, replacing z by 1/z gives

sup z log|
z>0

(M) _, osehel1/2)

This completes the proof.

Corollary 5.2. Let

Then

. k
v = lim ———— = sup
z0 z 2>0 z

Proof. By Proposition 2.3, N
Ap(2) = zAk(1/2) = 1+ 2D (1/2).

Since Dg(1/z) — v as z | 0, the first identity follows. The second is just the last variational

formula in Theorem 5.1.

Remark 5.3. Theorem 5.1 shows that the exact polylogarithmic exponent exists and is determined
by weighted sunflower pressure. What remains open is the stronger issue asked by Tang—Zhang in
Problem 1.8: determine 7, purely from the unweighted sunflower capacity M% = Ax(1), or decide

whether no such one-parameter description is possible.

FEquivalently, one needs to understand the large-z intercept of the weighted sunflower pressure

Ak(2) =z + i +o(1),
or, dually, the small-density slope of the weighted cosunflower pressure
Ar(z) =1+mz+o(z)  (210).

The full-density case ,u% = 2 illustrates this point cleanly.

12



Proposition 5.4. Assume uz = 2. Then for every fixed z > 0,
A(z) =142 and Ap(z) =1+ 2

Consequently,
Ve = 17

and hence

fu(N) = (log N)! =),

Proof. The upper bound Ag(z) < 1+ z is trivial from Remark 2.4. For the lower bound, fix a
rational o € (0,1) and 5 > 0. Tang and Zhang proved [5, Theorem 5.5] that the hypothesis u5 = 2
implies the following: for all sufficiently large n, there exists an |an]-uniform k-cosunflower-free

family G, C 2" with
n \'7"
> .
51> ()

Taking complements in [n], we obtain a k-sunflower-free family

s <n —[Tam )

1—
Wi(n; z) > 2"l | 7, | > z<1—a>n+0<1>< ”J) "

of the same size. Therefore

Taking nth roots and using Stirling’s formula gives
Ax(2) > Pl exp((l — n)H(a)),
where
H(a):= —aloga — (1 —a)log(l — a)
is the binary entropy. Letting n — 0 and optimizing in rational « yields

Ap(z) > sup 2Pl =142,
BeQN[o,1]

since the rationals are dense and 8 +— 2%eH(8) is continuous on [0,1]. Thus Ax(2) = 1 + 2. By
Proposition 2.3, B
Ap(2) = 2Ak(1/2) = 2(14+1/2) =1+ 2.
By Theorem 5.1,
v = inf((1+2) - 2)

Therefore
fu(N) = (log N)' o),

13



6 Concluding remarks

Remark 6.1. The kernel proof may be summarized in one sentence: if one adjoins a random
squarefree multiplier ¢ < N with normalized law proportional to 2w(@) /q, then the harmonic mass
1/a transported from a to an endpoint m = aq becomes

1
Loy,
m

S€Fm

and the admissible histories Fp, form a sunflower-free family. This is the exact analogue, for
Problem #856, of the “adjoint divisibility chain” point of view that Liam Price emphasized for
Problem #1196.

Remark 6.2. What remains open is not the existence of the exponent, but its evaluation. By
Theorem 5.1, the exact exponent is

Vi = Zan;o(Ak(z) - 2).

Thus the remaining task is to compute this large-z intercept, or to relate it to the ordinary sunflower
capacity ,u% = Ar(1). Any rigidity theorem that determines the tail behavior of the weighted pressure
from the single value at z = 1 would answer Tang—Zhang’s Problem 1.8.
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