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Abstract

Erdés and Nathanson asked whether, if Ay, A5 are disjoint asymptotic additive bases of
order 2, the union A = A; U Ay must contain a minimal asymptotic basis of order 2. The
answer is negative. We give a detailed construction of disjoint bases B, C such that every
asymptotic subbasis of A = B U C remains a basis after deleting its least element. The proof
is a streamlined specialization of Daniel Larsen’s “fragile basis” construction, corresponding
to the case (P2) = true and (P3) = false in [3]. We also record the randomized block
construction which supplies the required two-colour canary template.

1 The question and the result

Throughout, N = {1,2,3,...}; changing finitely many elements is immaterial. For A C N, write
ra(n) = ‘{(a, d)yeA?:a<d, a+d = n}‘ .

The set A is an asymptotic additive basis of order 2, or simply a basis, if r4(n) > 0 for every
sufficiently large n. A subbasis D C A is minimal if no proper subset of D is again an asymptotic
basis. Equivalently, for every d € D, the set D\ {d} is not a basis.

Erdds and Nathanson asked in [5, Open Problem 4]:

If Ay, Ay are asymptotic bases of order 2 with 41 N Ay = (), and A = A; U A, must
A contain a minimal asymptotic basis of order 27

The problem is also listed as Erdés Problem #869 [1]. Larsen announced on the associated
discussion thread that the implication fails, and subsequently proved the stronger independence
theorem in [3]. The theorem below is the direct negative answer.

Theorem 1. There exist disjoint asymptotic bases B,C C N of order 2 such that A= BUC
contains no minimal asymptotic basis of order 2. More strongly, if D C A is any asymptotic
basis and dy = min D, then D\ {do} is still an asymptotic basis of order 2.

The construction has two parts. First we isolate a two-colour canary template. Then we
specify a selection rule for the canaries. The template is due to Larsen [3]; our selection rule
is a slightly streamlined presentation of the decomposable/no-minimal-subbasis case of his
construction.



2 A two-colour canary template

Let
Ny = 4" h(n) = [107%n].

For a representation n = a + ' with a < d’, call it balanced if a'/a € [1,100]. Let 74(n) denote
the number of balanced representations of n by elements of A.

We shall use the following theorem as a template. A proof, following Larsen’s random block
construction, is given in Section 5.

Theorem 2 (Two-colour canary template). Suppose that at stage k a selection mechanism, after
seeing the earlier data, produces finite sets

Gr C B(k —1), Hy CC(k—1),
where

Bk —=1) = J(BiU(Niz1 = Gy),  Clk—1) = J(Ci U (Niy1 — Hy)),

i<k i<k
and where Fy, = G U Hy, C [1, Ni|. Assume Gy N Hy, =0 for every possible input.
Then there exist finite blocks By, Cy C (Nk, Ngy1) such that, with

B = U(BiU(NiJrl *Gi)), C = U(CiU(Ni+1 *Hi))v

i>1 i>1
the following hold.
(i) BNC =1.
(ii) For all sufficiently large n ¢ {N; : 1 > 1},

ra(n) > h(n), ro(n) > h(n).

(iii) For all sufficiently large k, every representation of Nii1 as a sum of two elements of BUC
has at least one summand in Fy,.

The set Fj is the canary for the exceptional integer Njp,1. The construction makes all
representations of Niiq pass through Fj, while keeping many balanced representations of all
non-exceptional integers in each colour separately.

3 The selection rule

We now define the canaries. Put

After the previous stages have been constructed, a finite set S is called k-eligible if
S:{Sl < K S¢(k)} QB(k—l)UC(k—l),

’(ﬁ(k}) <5 <0< Sp(k) < Nk,



and S meets both colours:
SNB(k—1)#0, SNC(k—1)#0.

A set is cumulatively k-eligible if it is i-eligible for some i < k.

Fix once and for all a total ordering of finite subsets of N which first compares the largest
element and then breaks ties lexicographically. At stage k, let & be the family of cumulatively
k-eligible sets which have not previously been used as one of Fy,..., Fy_1. If & =0, set F}, = (.
Otherwise let Fj be the first element of & in the fixed ordering. Finally set

Gk:FkﬂB(k’—l), Hk:FkﬂC(k}—l).

This is a legitimate input for Theorem 2: when F}, # () the two pieces are separated by colour,
and Fk - [1,Nk}
Let B, C be the sets supplied by Theorem 2 for this selection mechanism, and set A = BUC.

Lemma 3. For all sufficiently large k, there are at least k distinct k-eligible sets. Consequently
Fy. # 0 for all sufficiently large k.

Proof. Suppose first that n = N — 1. For large k, this is not one of the exceptional integers IV;,
so Theorem 2 gives

rp(Ng —1) 2 h(Ny — 1),  Te(Nk—1) = h(N —1).

Every balanced representation of N — 1 uses only summands < N, hence summands belonging
to B(k — 1) or to C(k — 1) respectively. Therefore

1B(k—1)] > h(Ne = )2, [C(k —1)| = h(N), — 1)/2.

After discarding the finitely many elements below k, both colours still contain more than k
elements in [k, Ng], for large k. Hence one may choose many k-element subsets of B(k—1)UC(k—1)
lying in [k, N;] and meeting both colours. In particular there are at least k such sets.

At stage k fewer than k sets have previously been used. Thus, once there are at least k
k-eligible sets, at least one cumulatively k-eligible set remains unused, so Fj, # (). O

Lemma 4. Every eligible set is eventually used as some Fj.

Proof. Let S be i-eligible, and let m = max S. Then S is cumulatively k-eligible for every k > 4
unless it has already been used. There are only finitely many finite subsets of N whose maximum
is at most m. The selection rule always chooses the least unused cumulatively eligible set in the
fixed order. By Lemma 3, the process chooses a non-empty Fj, at every sufficiently large stage.
Therefore all unused cumulatively eligible sets preceding or equal to S in the fixed order are
exhausted after finitely many stages, and then S itself is chosen. O

Lemma 5. Both B and C are asymptotic bases of order 2.

Proof. Let n be sufficiently large. If n ¢ {N;}, then Theorem 2 gives a balanced representation
of n in B+ B and also one in C' 4 C.

It remains to consider the exceptional integers. By Lemma 3, F}, # () for all sufficiently large
k; by eligibility, such an Fj, meets both colours. Thus Gy, and Hj are non-empty. If g € G, then

Niy1 =9+ (Neg1 — 9)



is a representation in B + B. If h € Hy, then
Nit1 =h+ (Ng1 — h)

is a representation in C'+ C'. Hence each of B and C represents every sufficiently large exceptional
integer as well. O

4 No subbasis is minimal

Let D C A be an arbitrary asymptotic basis. We prove that deleting the least element of D
leaves a basis.

Lemma 6. There exists K such that, for every k > K, the set D meets every k-eligible set.

Proof. Since D is a basis, D + D contains N; for all sufficiently large j. By Theorem 2, every
representation of Nj = N(;_1)4; by elements of A meets Fj_1, for all sufficiently large j. Hence
D N Fj_; # 0 for all sufficiently large j for which Fj_; is relevant.

Now let S be k-eligible. By Lemma 4, S = F} for some j > k. If k is sufficiently large, then j
is sufficiently large for the preceding paragraph to apply. Thus D NS # 0. O

Lemma 7. For all sufficiently large M, if k is the least integer with Ny > M, then
|((B\ D)N[M,100M]| <k+4 or |(C\D)N[M,100M]| <k + 4.

Proof. Assume the contrary for some large M. Choose k minimal with N, > M. If both displayed
cardinalities are at least k+4, then we can choose a (k+ 4)-element subset of [M, 100M] avoiding
D and meeting both colours. For large M we have

k+4<M,  100M < Ny,

because M < Ny and Ngiq = 44N}, = 256N;.. Hence the chosen set is (k + 4)-eligible and is
disjoint from D, contradicting Lemma 6. O

Lemma 8. For each fized a € A, only finitely many of the canaries Fy, contain a.

Proof. If an eligible set S contains a and is i-eligible, then ¢ = ¢ (i) < a and S C [1, N;]. There
are only finitely many choices for such an .5, since ¢ < a. By the selection rule, each eligible set
is used at most once. Hence a belongs to only finitely many Fy. O

Proof of Theorem 1. By Lemma 5, B and C are disjoint bases, so A = B U C has the required
decomposition. Let D C A be any asymptotic basis and put dy = min D, D" = D \ {dy}.
First consider a sufficiently large non-exceptional integer n ¢ {N;}. Write

n=101M —t, 0<t<100,

with M — oo as n — o0o0. Let k be minimal with N > M. By Lemma 7, at least one colour is

missed by D fewer than k + 4 times on [M, 100M]. Suppose it is B; the case of C is identical.
Every balanced representation n = b+ b’ with b < o’ and b,b’ € B has both summands in

[M,100M]: indeed b > n/101 = M —¢/101, so b > M, and then v/ <n— M < 100M. Theorem 2



gives at least h(n) such balanced B-representations. Each element of (B \ D) N [M, 100M] can
destroy at most one of them. Therefore

Tpa,100m (1) > h(n) — (k +4).

Since k = O(log M) and h(n) > M, the right side is > 1 for all sufficiently large M. Deleting dj
destroys at most one further representation, so rp/(n) > 0 for all sufficiently large non-exceptional
n.

Now let n = N; be exceptional and sufficiently large. Since D is a basis, rp(N;) > 0. By
Lemma 8, dy ¢ F;_ for all sufficiently large i. Also F;_; C [1, N;_1], while N; — dy > N;_; for
large i. Hence a representation of N; using dy would meet neither summand in F;_1, contradicting
the canary property in Theorem 2. Thus no A-representation of N; uses dp, and consequently

’I“D/(Ni) = TD(NZ') >0

for all sufficiently large exceptional N;.
Combining the non-exceptional and exceptional cases, D’ is an asymptotic basis of order 2.
Since this holds for every asymptotic subbasis D C A, no such D is minimal. O

5 Larsen’s randomized block construction

For completeness, and to make the dependence on Larsen’s construction explicit, we recall the
proof of Theorem 2. This is the construction in [3, Section 4], specialized to the two-colour
decomposable setting.

Let X1, X2, X3 be a random partition of N: independently for each integer, choose one of
the three colours with probability 1/3. For X C N and an interval I, write X;(I) = X; N 1. If

I = (a,b) is an interval, put
b—a b—a
Teore = b— )
core (“+ 100" ° 100 )

The same notation applies to the interval I + J.
We use two elementary large-deviation lemmas. The constants are deliberately wasteful.

Lemma 9 (Random interval sums). There is € > 0 such that the following holds. Let I,J be
intervals of positive integers of length at least m. With probability at least 1 — (1 — €)™, every
element of (I + J)core has at least m/2000 representations as x +y with v € X;(I) and y € X;(J).

Proof. Fix z € (I + J)core- The definition of the core implies that z = x 4+ y has at least m /100
solutions with = € I and y € J. From these choose at least m/200 pairs whose entries are all
distinct. Each chosen pair lands in X;(7) x X;(J) with probability 1/9, independently over the
chosen pairs. A Chernoff bound gives an exponentially small probability that fewer than m /2000
pairs survive. The number of possible z is O(m), and the union bound is absorbed by changing
€. O

Lemma 10 (Random reflected sums). There is € > 0 such that the following holds for all
sufficiently large N. Let I,J be intervals of positive integers of length > N/100, with every
element of J less than 4N. Then, for anyi,j € {1,2,3}, with probability at least 1 — (1 — )V,
every

z€ (I +4AN — J)eore \ {4N}



has more than 107" N representations
z=x+ (4N —vy), reXi(I), yeX;(J), 4N —yeX;.

Proof. Write z = 4N + A. We need many y € J for which y + A € I, y € X, and both y + A
and 4N — y lie in X;. Let
S=I-A)NJ.

The assumption that z lies in the core implies |S| > N, say |S| > N/5000. Choose a maximal
subset Y C S such that the triples

{y, y+ A, AN -y}  (yeY)

are pairwise disjoint; then |Y| > [S]/9. For each y € Y, the desired colouring event has probability
at least 1/27, independently over Y. Another Chernoff bound, followed by a union bound over z,
proves the claim after adjusting e. O

We now construct the blocks. Suppose that stages < k have been completed and that the
selection mechanism has produced Gg, Hy. Set

N=N,, A(k-1)=Bk-1)uC(k-1).
Define
By = ((4N/3,2N) U (8N/3,3N) U (4N — (0, N) \ A(k — 1)))) N X1, (1)
Cy. = ((AN/3,2N) U (8N/3,3N) U (4N — ((0, N) \ A(k — 1)) ) N X.. (2)
Then extend
B(k)=B(k—1)UB,U(4N — Gy),  C(k)=C(k—1)UCy U (4N — Hy).

Equations (1)—(2) are Larsen’s block construction. The middle intervals provide ordinary random
sums; the reflected part 4N — ((0, N) \ A(k — 1)) prevents unwanted old-new representations of
4N; and the mirrors 4N — Gy, 4N — H}, create precisely the canary representations through Fj.

Proposition 11. With probability 1, for all sufficiently large k and every
n € [3Ng/2,6Nk) \ {4N},
one has
Tpy(n) > h(n),  Tow)(n) > h(n).

Proof. We prove the assertion for B(k); the proof for C'(k) is the same with X5 in place of Xj.
The construction ensures that B(k) contains the following random pieces:

N 3N 2N 3N 4N 8N
X5 o) (5 7) Xi(5eN). X(558N), XN - X5(N/4,3N/4)).
The first piece comes from an earlier block and the second from a nearer earlier block; the
last inclusion follows because, for i < k, the mirrors N;11 — G; lie outside the central interval
(N/4,3N/4).



Apply Lemma 9 with ¢ = 1 to the fixed intervals above, and apply Lemma 10 with i = 1,
j=3,and J = (N/4,3N/4). The resulting sums cover the full interval [3N/2,6N) except for
4N. More explicitly:

(3030 4 (), () (), () (),

24’ 64 3 374 3 3 3
(%,SN) + (%,QN), (%,w) + (%,31\7),

handle the ordinary ranges, and the reflected sums

I+4N — (N/4,3N/4), Ie€ {(2?7 %) (%,2]\7), (?,3]\/)} ,

fill the remaining gaps around 4N and above 29N/6, excluding 4N itself. The lower bounds
from Lemmas 9 and 10 are all > N, in fact larger than 1077 N after decreasing constants, while
h(n) <6-1078N for n < 6N. All summands used above have ratio at most 100.

The failure probability at stage k is O((1 — &)™), and 3, (1 — )V < co. Borel-Cantelli
gives the asserted eventual validity with probability 1. O

Proof of Theorem 2. Choose a random partition X7, X9, X3 for which Proposition 11 holds
eventually. Such a partition exists with probability 1, so fix one.

The blocks By, Cy lie in (Ng, Ngi+1). They are disjoint from each other because X7 N Xo = (),
and they are disjoint from the older blocks by size. The mirrors N1 — G and Ngyq — Hy, lie in
(3N, Ni11) and are disjoint from each other because Gy N Hy, = (). They are also disjoint from
By, U Cy, since By, U O}, contains the reflected point Ni1 — = only when x ¢ A(k — 1), whereas
GrUH, C A(k—1). Thus BN C = 0.

Let n be sufficiently large and non-exceptional. There is a unique k such that

n € [3Ny,/2,6N}),

because N1 = 4Nj and these intervals overlap enough to cover all large integers. Since
n # 4Ny = Ng41, Proposition 11 gives the lower bounds for 75(n) and 7¢(n).

Finally consider Ni41 = 4Nj. There are no old-old representations, since old elements are at
most Nj. There are no representations using the ordinary intervals (4N/3,2N) and (8N/3,3N),
by the interval placement. If an old element x € A(k — 1) is paired with a reflected point 4N —y
from (1) or (2), then equality = 4 (4N —y) = 4N forces x = y, impossible because those reflected
points are inserted only for y ¢ A(k — 1). The only remaining way to represent 4N is to use
one of the deliberately inserted mirrors 4N — g or 4N — h, with g € G} or h € Hy. Hence every
representation of Niy1 meets Fy, = Gy U Hy. O

6 Comparison with Larsen’s statement

Larsen considers three properties of a basis A of order 2: divergent representation function
(P1), decomposability as a union of two disjoint bases (P2), and the existence of a minimal
subbasis (P3) [3]. His Theorem 1 states that all eight truth-value patterns occur. The present
note extracts the row

(P1, P2, P3) = (true, true, false), A=BUC, p(n) =n, P(n) = n.



In particular, it gives exactly the negation of the Erdés—Nathanson implication (P2) = (P3).

Our selection rule differs only notationally from Larsen’s “largest element minimal among not

yet occurred cumulatively eligible sets” rule. The role of ¢(n) = n is to make the omitted part of
any subbasis sparse on each interval [M,100M] in at least one colour. The role of ¥)(n) = n is to
ensure that each fixed element lies in only finitely many canaries, so deleting the least element of
a subbasis does not affect sufficiently late exceptional integers. The random blocks are Larsen’s
construction verbatim, with the constants retained to keep the proof uniform and insensitive to

endpoints.
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