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Abstract

For A,B C {1,...,N}, let F(A, B) denote the number of integers m having exactly one
representation m = ab with a € A and b € B. We prove the order-of-magnitude estimate

N2 1 + loglog 2
max F(A,B) = . §=1-.tosles
A,BC[N] (log N)?(loglog N)3/2 log 2

The upper bound is the immediate comparison with the full multiplication table, using
Ford’s theorem on the multiplication table problem. The lower bound is obtained by
attaching randomly selected large prime labels to the isolated-divisor construction implicit
in Ford’s estimates for H;(xz,y,z), the number of integers with exactly one divisor in a
prescribed interval.

1 Introduction
Write

[N]={1,2,...,N}
and, for A, B C [N],

rap(m)=#{(a,b) € Ax B :ab=m}, F(A,B) =#{m:r4p(m) =1}.

Let
U(N)= max F(A,B).
A,BC[N]
All logarithms are natural, and all constants implicit in <, >, and =< are absolute unless a
dependence is explicitly indicated. The problem of estimating U(N) appears as Erdds Problem
#896 in Bloom’s compendium [1]. We prove the following theorem.

Theorem 1. Let

S—1_ 1+loglog2.
log 2
Then, as N — o0,
N2
U(N) =< .
() (log N)9(log log N)3/2



The upper bound is inherited from the multiplication table problem. Let
M(N)=+#{ab:1<a,b< N}.

Plainly F(A,B) < M(N) for every A, B C [N]. Ford’s multiplication-table theorem states
that

N2
(log N)%(log log N)3/2’

this is Corollary 3 of [2], applied with 2 = N2. Thus only the lower bound in Theorem 1
remains.

The lower bound uses large prime labels to separate many independent divisor-interval
problems. For a large prime p, we put into A elements of the form pr, where r lies in an
interval depending on p. The set B is sifted to avoid multiples of the selected large labels.
This ensures that products coming from distinct labels cannot collide. Inside a fixed label p,
uniqueness is reduced to the condition that an integer has exactly one divisor in a short interval.
Ford’s estimates for Hq(x,y, z) provide enough such integers to match the multiplication-table
order.

M(N) =<

Remark 2. The theorem determines the order of magnitude of U(N), and in particular the
logarithmic exponent. It does not determine a leading constant, nor does it address exact
finite- NV maximizers.

2 Ford’s divisor-interval input

For 1 <y < z and n € N, define
T(niy,2) =#{d|n:y <d <z}
Also define
H(z,y,z) =#{n <z :7(n;y,2) >0},  Hi(z,y,2) =#{n<z:7(nsy,2) = 1}.
We shall use the following consequence of Ford’s work.

Proposition 3 (Ford input). There are absolute constants co > 0 and yo > e such that,
whenever N is sufficiently large and

yo <y <NV,
one has N
Y
Hy(Ny,y,2y) > .
{(Noy20) 2 o (log y)3(log log )3/
Proof. Ford’s estimate for H(z,y, cy), with fixed ¢ > 1, gives
T
H ) ) = ) Y = i 9 37
@y, cy) = (log Y)¥(loglog Y)3/2 min(y, z/y) +

whenever 1/(c — 1) <y < x/c; see [2, Corollary 2]. Apply this with ¢ = 2 and z = Ny. Since
y < N3 < N for large N, we have Y = y + 3, whence
Ny

H(N 2y) =< .
(Ny.9,29) (log y)°(log log y)3/2
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It remains to compare H; with H. Ford’s theorem on integers with exactly one divisor in
an interval states that, for fixed ¢ > 0, if y is sufficiently large and

y+1<z<a®8 gz <alTe

then
Hl(xa Y, Z) - IOgIOg(z/y + 10) .

H(z,y,2) ~° log(z/y+10)

see [2, Theorem 4]. Set x = Ny and z = 2y. For y < N1/3_ the hypotheses hold, for example
with ¢ = 1/4, once N is large. Indeed,

2y < (Ny)*/®

and
2y? < (Ny)*/*

follow uniformly from y < N'/3 for all sufficiently large N. Since z /y = 2, the displayed ratio
is bounded below by a positive absolute constant. Combining the two estimates proves the
proposition. O

For later reference, set

®(t) = (logt)’ (loglog t)>/? (t > €°).

3 A prime-sum estimate

The lower-bound construction will require the following elementary consequence of the prime
number theorem.

Lemma 4. Let Y = NY3, and let yo > €€ be fized. Then, as N — oo,

1 1
>
Z 5 3/2°
N/(OY) e N/ (2y0) p®(N/(2p)) (log N)%(loglog N)

where the sum is over primes.

Proof. Let L =log N and J = |L/3]. Choose an integer jp sufficiently large in terms of yp.
For jo < j < J — 2, consider primes in

N < N
2071 ~ P e

These intervals are contained in the prime range of the lemma. For such primes,

N

2p ’

and hence



By the prime number theorem, or Mertens’ theorem for primes, uniformly for j < L/3,
3 it 1
. p L—j L
N/(2e3T1)<p<N/(2¢7)
Therefore the full prime sum is bounded below by
1 1
>T D Fiea i
L joi2a 17 (o8 )"

Since 0 < § < 1,

1 Jl—(S
J'0<J'Z<:J2 7% (log 5)3/2 > (log J)3/%
As J =< L, this gives
L6
> llog Ly

which is the desired estimate. O

4 The lower-bound construction

We now prove the lower bound in Theorem 1. Let yg be sufficiently large for Proposition 3
and also larger than e, and put
Y = N3,

Let
o , N _ N
= rime . —— _— .
PP 2y S P =79

For p € Q, define
N
—, R,={reN:y, <r <2y}
2p
Thus yo < yp < Y. We randomly choose a subset P C Q by keeping each prime p € Q
independently with probability 1/2. Given P, define

Yp =

A=AP)={pr:peP, re€R,}
and
B = B(P) = {b < N : b is divisible by no prime p € P}.
For N large,

N
2 < — .
<Gy <P (peQ)

Consequently every r € R, satisfies 7 < 2Y < p, and
pr <p-2y,=N.

Thus A C [N] and B C [N]. The same inequality also implies that the label representation of
an element of A is unique: if pr = ¢s with distinct primes p,q € Q and r € R, s € Ry, then,
say, p | gs; since p # g and s < p, this is impossible.



For p € Q, let
Gp ={n < Ny, : 7(n;yp, 2yp) = 1}.
For n € G, denote by r,(n) the unique divisor of n lying in R, and put
n

o) = rp(n)

Since 7p(n) >y, and n < Ny,, we have by(n) < N.
We discard the exceptional set for which p | b,(n), and define

Gp = {n € Gp:ptbp(n)}.
The discarded set has size O(y2). Indeed, if p | by(n), then by(n) = pt with

N
1<t<— =2y,
p
while r,(n) € Ry, giving at most O(y2) possible pairs (rp(n),t), and hence at most O(y2)
possible n. Proposition 3 gives

Ny,
> S,
Since y, < N1/3,
2 Nyp
%= 0(@(%))
uniformly for p € Q. Hence
Gl > o (1)
(yp)

uniformly for p € Q.
For a fixed pair (p,n) with p € Q and n € G, consider the event

E,, ={p € P and b,(n) € B(P)}.

Every prime in Q is larger than N''/2 for large N, and b,(n) < N; hence b,(n) is divisible by
at most one prime from Q. Also p { by(n) by definition of G;. Therefore

1
P(E,,) > -.
(ZL)—4

Indeed, if no prime of Q divides b,(n), then the probability is 1/2; if a prime ¢ € Q, ¢ # p,
divides by(n), then the probability is

P(p e P, qélfP):Z.

Whenever E), , occurs, the product
m = pn = (prp(n))by(n)
lies in A(P)B(P). We claim that this representation is unique. Suppose

prp(n)by(n) = gsc, qeP, se€R,; ceB(P).



If ¢ # p, then the prime p divides gsc. Since p # ¢, pt q. Also s < 2Y < p, so pts. Hence
p | ¢, contradicting ¢ € B(P) and p € P. Therefore ¢ = p. After cancelling p, we get

n = Ssc.

But n € Gp, so n has exactly one divisor in R,; hence s = ry(n) and ¢ = b,(n). This proves
uniqueness.

The same argument also proves distinctness of the products obtained from distinct counted
pairs. If two pairs (p,n) and (g,n’) for which the corresponding events occur produced the
same product, the representation arising from (¢, n’) would be an alternative representation of
the product arising from (p,n). By the uniqueness just proved, this forces p = ¢, 7,(n) = r¢(n’'),
and b,(n) = by(n’), and hence n = n’.

Let X(P) denote the number of pairs (p,n), with p € Q@ and n € G, for which E,,, occurs.
The preceding paragraphs show that every such pair produces a distinct product counted by
F(A(P),B(P)). Thus

F(A(P),B(P)) > X(P).

Taking expectations and using (1),

EX(P) >

e

* yp
Ngil>NY _
peQ peQ ®(yp)
Since y, = N/(2p), 1

EX(P) > N? Z o
N/(@2Y)<p<N/(2y0) ¥ ®(N/(2p))

By Lemma 4,
N2
(log N)9(loglog N)3/2°
Consequently there exists at least one choice of P for which
N2
(log N)9(loglog N)3/2°

EX(P) >

F(A(P),B(P)) >

This proves the desired lower bound for U (V).

5 Completion of the proof of the main theorem

For every A, B C [N], every uniquely represented product m is certainly an element of the
ordinary N x N multiplication table. Hence

F(A,B) < M(N)=#{ab:1<a,b< N}.

Equivalently, M(N) = A(N?) in Ford’s notation, where A(x) counts integers n < x repre-
sentable as n = mymgy with my, me < /x. Ford’s Corollary 3 gives
N2

M(N) =<
() (log N)%(log log N)3/2’

the replacement of log(N?) by log N changing only the implicit constants. Together with the
lower bound from the preceding section, this proves Theorem 1.



6 Concluding remarks

The proof gives an order-of-magnitude determination. It does not optimize constants. In partic-
ular, it does not assert the existence of a limiting leading constant for U(N) after normalization
by
N2
(log N)%(log log N)3/2"

The essential point is the use of random large prime labels. The labels isolate many copies of
Ford’s one-divisor interval problem: collisions between different labels are eliminated by the
sieve defining B, while collisions inside a fixed label are precisely controlled by Hj.
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